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Abstract

We prove Sogge’s local smoothing conjecture for the Euclidean wave equation in every spatial
dimension at least two. We deduce the Bochner–Riesz conjecture, maximal estimates for these
means, and sharp bounds for Stein’s square function. We obtain Fourier restriction estimates
for the sphere, the compact paraboloid, and the truncated cone throughout the interior of the
conjectured range, as well as local smoothing for the Schrödinger equation. We also prove the
Kakeya and Nikodym maximal conjectures; in particular, every Euclidean Kakeya set has full
Hausdorff dimension.

1 Introduction
We prove Sogge’s local smoothing conjecture for the Euclidean wave equation in every spatial
dimension n ≥ 2. A wave arriving from a thin spherical shell may have a much larger Lp norm at
the instant when its rays come to a focus than it had initially. Sogge asked how many derivatives
of the initial data are needed to control the norm averaged over a time interval [72, Section 4,
Equation (4.5)].

Write U(T ) = e−iT |D| for the half-wave propagator, with |D| =
√

−∆. Put I = [1, 2], J =
(1 − ∆)1/2, and

s+(p) = max
{

0, n− 1
2 − n

p

}
.

Theorem 1.1 (Euclidean local smoothing). For n ≥ 2, 2 ≤ p < ∞ and ε > 0,

∥U(T )f∥Lp(Rn×I) ≤ Cn,p,ε∥Js+(p)+εf∥Lp(Rn). (1.1)

At p = 2 one can take ε = 0.

At a fixed nonzero time the sharp Sobolev order is (n − 1)(1/2 − 1/p) [54, 65, 68]. Thus for
p ≥ pc = 2n/(n−1), averaging in time gains every amount less than 1/p over the fixed-time estimate.
For 2 < p < pc, arbitrarily small positive regularity suffices. A focusing wave shows that s+(p) is
the smallest possible threshold (Proposition 8.1). We state the wave estimates for complex Schwartz
data; density gives the indicated extensions, and conjugation gives the other sign of the half wave.
Unqualified Lp norms of the data are spatial norms.
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1.1 Consequences for Fourier analysis and geometry

Bochner–Riesz means and Stein’s square function. The Bochner–Riesz means Bα
R =

(1−|D|2/R2)α+ are uniformly bounded on Lp for 1 ≤ p ≤ ∞ and every α > max{0, n|1/p−1/2|−1/2},
as conjectured. For 2 ≤ p < ∞ the same orders give a strong Lp bound for the supremum over all
radii (Theorem 10.1). Stein’s square function measures their variation with radius [73]. Keeping this
variation inside a square integral gives its conjectured bounds for 2 ≤ p < ∞ and α > 1/2 + s+(p)
(Theorem 11.1). The connection with the wave is that averaging in time against an oscillatory
weight selects a thin shell in frequency. Sogge used this observation to pass from local smoothing to
summability of Fourier integrals [72, Equations (4.5)–(4.6)]; for the reductions at fixed and variable
radii see [8, Propositions 39 and 40].

Fourier restriction and Schrödinger waves. Give an incoming spherical wave an amplitude
that varies with direction. Near the focus, rescaling recovers the Fourier extension of this amplitude
from the sphere. We obtain the full interior range of global Fourier extension estimates La → Lb:
for 1 < a ≤ ∞, b < ∞, it is given by

b >
2n
n− 1 , b >

n+ 1
n− 1 a

′,
1
a

+ 1
a′ = 1.

Slicing gives the same bounds for the truncated cone in Rn+1 (Corollary 9.3). Rescaling a small cap
gives the compact paraboloid estimate (12.1) and local smoothing for Schrödinger waves in n− 1
spatial dimensions, with the exact Sobolev order above their critical exponent (Corollary 12.1).

Kakeya and Nikodym sets. Random signs on disjoint frequency caps turn the square of the
extension into a bound for overlaps of tubes. This proves the Kakeya maximal conjecture: the
operator that takes f to the largest average of |f | on a unit δ-tube in each direction has norm
Oε(δ−ε) from Ln(Rn) to Ln(Sn−1) for every ε > 0. In particular, every subset of Rn containing a
unit line segment in each direction has Hausdorff dimension n (Corollary 9.1). A projective change
of variables gives the corresponding Nikodym maximal estimate for tubes through a given point
(see (9.7)).

1.2 Development of the local smoothing problem

The question grew out of Bourgain’s theorem on maximal averages over circles [12]. At high
frequency the Fourier transform of a circle of radius T has two leading terms, with phases T |ξ| and
−T |ξ|. This explains why a spacetime estimate for waves can help bound the supremum of circular
averages over radii. Sogge used this connection to prove a positive smoothing gain for every p > 2
in two space dimensions [72, Theorem 4.1]. Mockenhaupt, Seeger and Sogge gave a proof of the
circular maximal theorem using angular square functions [55], and developed local smoothing for
Fourier integral operators under a curvature condition on the associated family of cones [56].

A persistent difficulty is to put waves moving in different directions back together. Wolff
decomposed a neighborhood of the cone into thin angular sectors and controlled their sum by
induction on scales. This gave every gain below 1/p for p > 74 in the plane [80]; Łaba and Wolff
extended the argument to higher dimensions [49]. Bourgain and Demeter’s cone decoupling theorem
gives this gain for p ≥ 2(n+ 1)/(n− 1) in every dimension [14, Theorem 1.2]. A different argument
using radial Fourier multipliers attained the exact gain 1/p, with no additional Sobolev loss, for
n ≥ 4 and p > 2(n− 1)/(n− 3) [37, Theorem 1.2]. In the plane, Guth, Wang and Zhang reached the
critical exponent p = 4 by controlling the L4 norm of a wave by the spacetime square function of its
angular pieces [35, Theorems 1.1 and 1.2]. For the canonical sectors of a truncated cone, Cushman,
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Demeter and Wu give the sharp power 1/4 of the logarithm in this square function inequality [20,
Theorem 1.4]. To obtain a bound in terms of ∥f∥4, one must also estimate the square function from
the initial data.

In higher dimensions the distinction between a partial gain at pc and a full gain above pc
is substantial. At n = p = 3, Gao, Liu, Miao and Xi obtained every gain below 2/9 by broad
Fourier restriction estimates, compared with the conjectured 1/3 [29, Corollary 1.3]. Gan, He, Li
and Wu proved the full gain up to an arbitrarily small loss for p ≥ 10/3 in R3 and on compact
Riemannian three-manifolds [28, Theorem 1.3]; see also Wang’s study of wave packet density [78].
Interpolating the p = 10/3 estimate with the L2 identity gives every gain below 1/4 at p = 3.
Some three-dimensional metrics require p ≥ 10/3 for gains arbitrarily close to 1/p [53], whereas the
Euclidean exponent is 3.

1.3 An estimate on one frequency annulus

The proof is built around a single estimate at p = pc. It quantifies the growth with frequency
that the arbitrarily small Sobolev loss in Theorem 1.1 allows. Our Fourier convention is f̂(ξ) =∫
Rn e−iX·ξf(X) dX, so U(T ) has phase X · ξ − T |ξ| and inverse Fourier factor (2π)−n.

Theorem 1.2 (Critical annular estimate). Let n ≥ 2, p = pc, and φ ∈ C∞
c (Rn \ {0}). For N ≥ 2

set PN = φ(D/N). Then

∥U(T )PNf∥Lp(Rn×I) ≤ Cn,φ[log(2 +N)]2/p∥f∥Lp(Rn). (1.2)

Interpolation and summation over annuli yield Theorem 1.1 (Section 7). For unrestricted
data on a full annulus the optimal logarithmic power in (1.2) lies between 1/pc and 2/pc. The
lower bound comes from the focusing example: every dyadic distance from the focus between one
wavelength and unit distance contributes comparable mass to the pc-th power of the spacetime
norm (Proposition 8.1). With any positive angular regularity, the power 1/pc suffices; Appendix B
proves a sharper result with a logarithmic angular weight. For unrestricted data the lower bound
persists even for the weak spacetime norm (Proposition 8.2).

1.4 A conserved current and two circles

Consider a finite sum of plane waves with |ξ| ≍ N whose directions lie in one small cap. We need to
take a square after summing these waves: summing the squares would discard the interference that
produces a focus. An imaginary translation along a light ray filters the sum by direction. Translation
by −iℓ(1, ω), with |ω| = 1 and ℓ > 0, multiplies a mode of frequency ξ by exp[−ℓ|ξ| |ω − ξ/|ξ||2/2].
Its Gaussian width in direction is therefore of order (Nℓ)−1/2 for Nℓ ≫ 1. The symmetric first-order
wave system provides these light rays as its quadratic fluxes. The sum of two such fluxes gives the
imaginary displacement. Two flows built from the continued wave then give a positive semidefinite
tensor. Each of its real columns has zero divergence, and its time component still detects the original
wave on the chosen cap (Section 2).

Here is the estimate that the construction must deliver. Set h = N−1, let a = Kh for a fixed
large K, and write p = pc. In addition to the physical time T , the construction has two auxiliary
time coordinates τ ∈ R2. Write H(T, s) for the circular mean at |τ | = s of the nonnegative energy
F(T, τ) constructed below. For h small and nonzero cap data on a fixed spatial torus normalized by
∥f∥2 = 1, we prove∫ 2

1
∥U(T )f∥pp dT ≲ a−2

∫ 2

1
H(T, 2a) dT

≲ [log(2/h)]2a−2H(0, 4a) ≲ [log(2/h)]2∥f∥pp.
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The first and last inequalities compare the energy with the wave. The middle one uses only a scalar
differential inequality.

To obtain the energy, fix (T, τ) and let the remaining real and auxiliary spatial variables range
over a bounded fiber with periodic real directions. Write µ > 0 for the time component of the
regularized current. There is a complex scalar Φ constant along the current. With λ > 0 large, take
on each fiber the solution with positive definite spatial Hessian Hfib(λ|Φ|2 + u) of

detHfib(λ|Φ|2 + u) = λµ, u|∂ = 0.

Here Hfib is an n-by-n quaternionic Hermitian Hessian; its determinant on positive matrices is the
product of the eigenvalues. The background costs nothing in the conservation law: since the current
is tangent to the levels of Φ, its pairing with H(|Φ|2) vanishes. In the spatial determinant, however,
it supplies one direction of curvature. The Hessian of λ|Φ|2 has just one nonzero eigenvalue, of
size λ. Adding αI to this background changes its determinant to (β + α)αn−1, where β ≍ λ. Thus
density µ ≥ m on a small ball forces the depth of u at its center to be at least a constant times the
squared radius times m1/(n−1), in the range of the construction. The integral

∫
(−u)µ detects the

power mn/(n−1). Since µ recovers a square of the wave, the resulting exponent is 2n/(n− 1).
A correction to

∫
(−u)µ makes the full determinant cancel when one differentiates the energy

in (T, τ), while leaving the corrected energy comparable to that integral. The correction uses the
integral of the spatial determinant along the segment of potentials from λ|Φ|2 to λ|Φ|2 + u, as in
the classical Aubin–Mabuchi energy [5, 52]. The two integrations by parts use conservation of the
wave current and of the Hessian cofactor (Sections 3 and 4). The cofactor contributes no boundary
term: its normal–normal coefficient vanishes. Only the wave flux through the side of the fiber can
give a positive contribution to the Laplacian of the energy. A comparison function made from a
spatial average of the squared wave bounds F on the initial circle and the normal derivative of u at
the side of the fiber. On the part of the boundary that carries wave flux, the Gaussian decay is
stronger than the cost of recovering the wave in the interior. The resulting scalar inequality is

∆T,τF ≤ Cs−2e−cs/hF , 2a ≤ s = |τ | ≤ 3 (Section 5).

It remains to compare the circles. The scalar inequality carries a lower bound at the observed
times 1 ≤ T ≤ 2 from |τ | = 2a to |τ | = 1. At that fixed radius the mean inequality carries it
to initial time; a second annulus comparison then takes it back to |τ | = 4a. A radial harmonic
function in the plane is affine in the logarithm of its radius. Each passage thus loses an inverse
logarithm. Both losses can occur for a scalar supersolution even with zero potential (Remark 6.2).
Taking a pth root and summing a fixed number of caps gives the claimed logarithmic bound on the
torus. Section 7 removes the spatial period to prove Theorem 1.2, then sums the frequencies for the
Sobolev estimate.

Related constructions. The bilinear flux of a symmetric hyperbolic system is classical [25].
Analytic continuation in an imaginary spacetime direction has also been used to study waves [42]. For
positive-energy Klein–Gordon waves, Kaiser found a vector conserved in physical spacetime at each
fixed imaginary displacement. Integration over displacements gives a current with nonnegative time
density [41, Section 4.5, Equations (36)–(40)]. Here the continued wave gives a positive symmetric
tensor whose columns have zero divergence in the combined physical and auxiliary variables.

Serre’s compensated integrability estimates pair a positive divergence-free tensor with the Hessian
of a real Monge–Ampère potential to bound a power of its determinant [69, Section 5.1]. The
usual stress tensor of a wave need not be positive in n ≥ 2 spatial dimensions [70, Section 4.1].
Our lifted tensor is positive semidefinite, but before averaging it is a sum of four real squares and
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its determinant vanishes. We use its regularized time component as the prescribed density in a
quaternionic determinant equation on each spatial fiber (Section 4).

The main proof ends in Section 7; Appendix A supplies the Dirichlet theorem used in the
construction. Sections 9–12 give the applications. Appendix D replaces the determinant equation by
a linear Dirichlet problem on a disk in two dimensions. Appendix E extends the current construction
to a simple extremal eigenvalue of a real symmetric n-by-n pencil in n spatial variables whose
transverse Hessian is definite, and gives an example with an irreducible cubic characteristic cone.

2 A conserved current for a superposition of waves
We use the flux of a symmetric first-order system twice. It selects an imaginary displacement that
gives each mode a Gaussian weight; applied to the continued wave, it gives a positive conserved
tensor. The modes are summed before taking the square, so their interference remains in the time
component of the tensor. We shall apply the construction on a fixed spatial torus: an annulus then
contains only finitely many modes, and integration by parts has no boundary in the real spatial
variables. Section 7 transfers the estimate to Rn.

2.1 The symbol determines the Gaussian

Choose an orthonormal frame X = (x, b) ∈ Rd × R, where d = n− 1, and put

t = (T + b)/
√

2, s0 = (b− T )/
√

2.

In these null coordinates the wave operator is 2∂t∂s0 + ∆x. At a fixed frequency κ > 0 in s0 this is
the free Schrödinger operator 2iκ∂t + ∆x in the transverse variables. A mode with physical phase
X · ξ − T |ξ| and ξb + |ξ| > 0 takes the form

uκ,v = cκ,v exp
(
iκ
(
s0 + v · x− 1

2 |v|2t
))
, κ = ξb + |ξ|√

2
, v = ξx

κ
. (2.1)

Here i denotes the ordinary Fourier imaginary unit. Throughout the construction uw =
∑
κ,v uκ,v is

a finite sum with κ > 0 and complex coefficients.
Write Eab for the elementary n× n matrix with its nonzero entry in position (a, b), indexing the

states from 0 to d. For the real spacetime coordinates X = (t, x, s0) take the symmetric matrices

Ct = 2E00, Cxj = E0j + Ej0, Cs0 = −
d∑
j=1

Ejj , P =
∑
µ

Cµ∂Xµ .

Indeed, P(∂s0ψ,∇xψ)t has first entry (2∂t∂s0 + ∆x)ψ and all other entries zero. At the covector
p = κ(−|v|2/2, v, 1) of (2.1), the symbol C(p) =

∑
µ pµC

µ satisfies

−C(p) = κ

(
|v|2 −vt

−v Id

)
, −wtC(p)w = κ|w′ − vw0|2. (2.2)

In particular the kernel is spanned by E(v) = (1, v)t. This gives a vector solution fsys =∑
κ,v κ

d/2E(v)uκ,v of Pfsys = 0.
To see the Gaussian in physical coordinates, translate (T,X) by −iρ(1, ω) with ρ > 0 and |ω| = 1.

A mode of frequency ξ acquires the factor

eρ(ξ·ω−|ξ|) = e−ρ|ξ| |ξ̂−ω|2/2, ξ̂ = ξ/|ξ|.
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For |ξ| ≍ N and ρN ≫ 1, its angular width is (ρN)−1/2. The system itself supplies these light rays.
For a real state w = (w0, w

′) its flux q(w)µ = wtCµw/2 is (w2
0, w0w

′,−|w′|2/2) in null coordinates.
In physical coordinates this gives q(w)T = |q(w)X | = (w2

0 + |w′|2/2)/
√

2; at the polarization E(v)
the ray is q(E(v)) = (|ξ|, ξ)/κ. Take the sum of the fluxes of two real states,

qµ = q(w1)µ + q(w2)µ = 1
2

2∑
ℓ=1

wt
ℓC

µwℓ, w1, w2 ∈ Rn. (2.3)

At X − iq the weight is ep·q. Pairing corresponding entries of the states, write
z = w1 + kw2 = (R, ζ) ∈ Ck × Cdk, Ck = {a+ kb : a, b ∈ R}, k2 = −1.

Thus qµ = z∗Cµz/2, with ∗ the complex conjugate transpose. Adding the two real squares in (2.2)
gives

ep·q = exp
(
−κ

2 |ζ − vR|2
)
. (2.4)

This explains the normalization in fsys: the square of κd/2ep·q integrates to πd in ζ for every R.

2.2 Two auxiliary flows

Recall the bilinear conservation identity for symmetric systems, as in Friedrichs [25]. For constant
real symmetric matrices Cµ, the flux of states a, b is jµ(a, b) = atCµb. Its divergence for two fields
is (Pa)tb+ atPb. The derivative of qµ in the direction δwℓ is exactly jµ(wℓ, δwℓ). This derivative
gives the physical component of the following vector fields.
Lemma 2.1. Let P =

∑
µC

µ∂Xµ have constant real symmetric coefficients. For a holomorphic
solution Pfsys = 0 and the real displacement (2.3), put, wherever defined,

G = fsys(X − iq), Vℓa =
∑
µ

(Cµwℓ)a ∂Xµ , Dℓa = ∂wℓa
+ iVℓa, Zℓ =

∑
a

GaDℓa.

In the real coordinates (X, w1, w2), the tensor

B = Re
2∑
ℓ=1

Zℓ ⊗ Zℓ (2.5)

is symmetric and positive semidefinite, and each of its columns has zero divergence.
Proof. The fields Dℓa are the complex vector fields associated with the tube coordinates X − iq as
in [6, Section 1]. Each annihilates every component of X − iq, hence DℓaG = 0. Conjugation gives
∂wℓa

G = iVℓaG. Each Dℓa has zero divergence, so

div Zℓ = 2i
∑
a

VℓaGa = 2iwt
ℓPG = 0.

For the ordinary flat connection, the identity DℓaG = 0 leaves only the derivatives of the coefficients
of Dmb when computing the acceleration:

∇Zℓ
Zm = −i δℓm

∑
µ

(GtCµG)∂Xµ .

The vector in the sum is real by symmetry of the matrices. The product rule for div(Zℓ ⊗ Zℓ) now
gives zero after taking real parts. Finally, if Zℓ = Aℓ + iBℓ with real fields, its contribution to (2.5)
is Aℓ ⊗Aℓ +Bℓ ⊗Bℓ.

This cancellation also identifies the physical current in the lifted variables: the imaginary part
of the last differentiation identity at m = ℓ gives [Aℓ, Bℓ] =

∑
µ(GtCµG)∂Xµ . For the estimate we

use the four real squares in the conserved tensor B. We must express them in coordinates attached
to spacetime.

7



2.3 Coordinates adapted to the wave

We want one auxiliary pair for each of the n+ 1 real spacetime coordinates. In the target, write each
triple as Xµ + ωµi, with ωµ ∈ Ck. The quaternions H have units i, j,k satisfying i2 = j2 = k2 = −1
and ij = k, ki = j. Thus the target triples lie in D = spanR(1, i, j). We identify the Fourier complex
plane with Ci. Every quaternion is uniquely α+ kβ with α, β ∈ Ci; these two planes are orthogonal
for the real scalar product ⟨u, v⟩ = Re(uv). We use columns with scalars acting on the right; ∗ on a
matrix denotes quaternionic conjugate transpose.

The representation we seek for B is the following. For a quaternionic Hermitian matrix A on
spacetime indices, set

AR
µα,νβ = Re(eαAµνeβ), (e0, e1, e2) = (1, i, j). (2.6)

If A = χχ∗, this real tensor is the Gram matrix of the rows eαχµ. In other words the three rows
over each µ have the form Q,−iQ,−jQ.

In source coordinates, write the four squares of (2.5) as a Gram matrix by setting QI = ZI
1 +kZI

2
for each coordinate I. Orthogonality of Ci and kCi gives BIJ = Re(QIQJ). With Mµa = (Cµz)a,
the rows in the real spacetime and state directions are

QXµ =
∑
a

MµaiGa, (Qw1a , Qw2a) = (Ga,kGa).

We now choose the target auxiliary coordinates to give the desired rows −iQXµ ,−jQXµ . For a
holomorphic coordinate ωµ(z) let Lµa = ∂zaωµ. Multiplication by c = c1 + kc2 on an auxiliary pair
has real rows (c1,−c2), (c2, c1), so it sends (Ga,kGa) to (c̄Ga,kc̄Ga). Consequently the new pair
over µ starts with

∑
a LµaGa. Taking L = M gives exactly −iQXµ , since −ic i = c̄ for c ∈ Ck. Its

partner is k(−iQXµ) = −jQXµ .

The holomorphic flux map. The derivative Lµa = (Cµz)a integrates to the quadratic ztCµz/2,
by symmetry. Thus the Hermitian square z∗Cµz/2 weights the modes, while the bilinear square
transforms their Gram rows. There are n complex state coordinates and n+1 spacetime coordinates.
Introduce a passive η ∈ Ck, in whose two real directions the flows have zero component. For any
constant real symmetric system of Lemma 2.1 with these dimensions and any fixed c ∈ Rn+1, set

Θ : (z, η) 7−→ ω, ωµ = 1
2z

tCµz + cµη.

The map fixes the real spacetime coordinates. On a local inverse chart its real volume Jacobian is
J = | detC[M, c]|2, where Mµa = (Cµz)a. Push the tensor forward as a density:

B̃ ◦ Θ = J−1DΘBDΘt. (2.7)

The two differentials transform the Gram rows as above, and J−1 converts source volume to target
volume. Hence

B̃ = (χ̃χ̃∗)R, χ̃µ ◦ Θ = J−1/2∑
a

MµaiGa. (2.8)

As a function of ω, the passive coordinate satisfies (∂ωη)M = 0: varying z at fixed η gives the
columns of M . Thus (∂ωη)χ̃ = 0.

To verify conservation, test the Kth column against the gradient of a real smooth function φ
compactly supported in the target chart. Changing variables in (2.7), the integral for the weak
divergence becomes −

∑
I,L

∫
BIL(∂LΘK)∂I(φ ◦ Θ). Integration by parts in source coordinates gives

J(div B̃)K ◦ Θ =
∑
L

(∂LΘK)(divB)L +
∑
I,L

BIL∂I∂LΘK .
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The first sum vanishes by Lemma 2.1. In the second sum the two diagonal state blocks of B are
both (Re(GaGb))ab, and the mixed state block is zero. Each real component of the holomorphic map
satisfies ∂w1aw1b

ΘK + ∂w2aw2b
ΘK = 0. The remaining coordinates enter Θ affinely, so the second

sum vanishes as well.

The wave in these coordinates. For the wave matrices, add η in the s0 coordinate. In the null
frame the holomorphic flux map becomes

Θ : (R, ζ, η) 7−→ (Y, P, S1) = (R2, Rζ, η − ζ · ζ/2). (2.9)

If (τ, P, Z) denote the target auxiliary coordinates in the physical frame (T, x, b), then Y = (τ+Z)/
√

2
and S1 = (Z − τ)/

√
2. Inverting (2.9) on Y ≠ 0 gives R =

√
Y on a local branch and ζ = P/R. The

useful single-valued coordinates are the ratio of the transverse states to R and the passive variable:

W = P

Y
= ζ

R
, Φ = S1 + P · P

2Y = η, y = |Y |. (2.10)

All dots between complex vectors here are bilinear; | · | denotes the Euclidean norm. The complex
Jacobian determinant of Θ is 2Rd+1, so its real volume Jacobian is

J = 4|R|2d+2. (2.11)

Under the derivative M in the state directions a polarization vector E(v) maps to

ME(v) = (2R, ζ +Rv,−ζ · v)t = 2RV v, V v =
(
1, (v +W )/2,−W · v/2

)t
. (2.12)

In particular Φ is constant in each such direction because it pulls back to the passive variable.
Explicitly, put ℓ(w) = (−w · w/2, w, 1); thus κℓ(v) is the real phase covector. One checks ℓ(w)V v =
−(w −W ) · (w − v)/2. The column lies in the kernels of both ℓ(v) and ∂Φ = ℓ(W ). Differentiating
W = P/Y gives the second identity in

(∂Φ)V v = 0, (∂W )V v = v −W

2Y . (2.13)

These are complex differentials in (Y, P, S1). The current stays on a level set of Φ, while each mode
changes W in proportion to its angular mismatch v −W .

For e = Y/y put ιe(α+ iβ) = α+ eiβ. This is an isometric embedding of the Fourier complex
numbers into H: ic = c̄i for c ∈ Ck, so (ei)2 = −1. Define the positive weight

mκ,v = (κ/y)d/2 exp
(
−κy

2 |W − v|2
)
.

The factor y−d/2 comes from the change of volume.

Proposition 2.2 (The wave current). For any finite superposition (2.1), set

χ =
∑
κ,v

V v ιe(uκ,v)mκ,v, A0 = χχ∗. (2.14)

On Y ̸= 0 the matrix A0 is smooth and positive semidefinite, (∂Φ)A0 = 0, and each column of
(A0)R has zero real divergence. These conclusions hold also after the orthogonal change from null to
physical coordinates. In particular,

V v
T = (1 +W · v/2)/

√
2, A0

TT = |χT |2.
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Proof. We identify the column in (2.8) on one inverse chart. By (2.4) and (2.12), the contribution
of a single mode to χ̃ equals

V v giuκ,vmκ,v, g = R/|R|.

Indeed |ζ − vR|2 = y|W − v|2 and 2|R|/
√
J = y−d/2. Multiply every row on the right by the same

unit quaternion (gi)−1; this preserves their Gram matrix. Conjugation by g takes i to g2i = ei.
Since i commutes with the Fourier amplitudes, the resulting column is precisely (2.14), with V v on
the left. The formula involves Y itself, hence is smooth and independent of the square root used in
its derivation. Positivity follows from its outer product and tangency from (2.13). The change back
to physical coordinates acts by the same real orthogonal matrix on each of the three coordinate
slots, so it preserves the column divergence and the row–column pairing. Finally T = (t− s0)/

√
2

gives the stated expression for V v
T .

For a single κ and real W , the exponential in mκ,v is a Gaussian window in transverse frequency
κv, centered at κW . Since V v

t = 1, the null component A0
tt is the squared modulus of the scalar wave

observed through this window: up to normalization, its Husimi density [39]; see [45, Section 2.3].
For the full wave, (2.14) sums the amplitudes over κ before taking the square.

2.4 The time component on a frequency cap

At a fixed auxiliary point write V v
T = b0 + kb1, so that

b0 = 1 + Re(W ) · v/2√
2

, b1 = Imk(W ) · v
2
√

2
.

Here Imk(α+ kβ) = β. Let Sℓ be the ordinary scalar spatial multiplier which sends each mode in
(2.1) to bℓmκ,vuκ,v at this auxiliary point. By (2.14),

χT = ιe(S0uw) + k ιe(S1uw), A0
TT = |S0uw|2 + |S1uw|2. (2.15)

Indeed the two terms lie in the conjugates of the orthogonal planes Ci and kCi by a square root g
of e in Ck. At W = 0 the second multiplier vanishes: 2A0

TT is exactly the squared modulus of the
wave with weight (κ/y)d/2 exp(−κy|v|2/2) on each mode.

For the estimates take uw = e−iT |D|f on the fixed spatial torus Rn/(100Zn). We choose the
axis b along the center of a frequency cap, leaving the torus itself fixed. For 0 < h ≤ 1 suppose
f̂ is supported in c0/h ≤ |ξ| ≤ C0/h, |v| ≤ γ, with fixed 0 < c0 < C0 and a small aperture γ > 0
independent of h. The identity |ξ| = κ(1 + |v|2/2)/

√
2 gives κ ≍ h−1. At y ≍ h and |W |, |v| ≤ 1/10,

the Gaussian and b0 are bounded below, so hdS0 has a symbol bounded above and below on the
cap. For larger y/h the cost of inverting it depends on the mismatch |W − v|. There are O(h−n)
frequencies in the annulus, uniformly in the frame; thus

∑
κ,v |cκ,v| ≲ h−n/2∥f∥2 by Cauchy–Schwarz

and Parseval. The formulas in null coordinates may be used on the covering space: the resulting
current is periodic in the original real spatial variables. We normalize nonzero cap data by ∥f∥2 = 1
in the energy estimates that follow.

3 The determinant and integration by parts
The wave current in Proposition 2.2 is positive and has divergence-free real columns. We shall
pair it with a Hessian. The essential pairing is the ordinary real contraction A : H(v) = AR : D2v:
each spacetime index still has its three real coordinates. The choice of Hessian has two further
consequences. The squared modulus of a holomorphic function contributes at most one quaternionic
direction. In n spatial variables, if its nonzero eigenvalue is β, adding ϵI gives determinant (β+ϵ)ϵn−1.
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This is where the denominator in pc = 2n/(n − 1) enters. The cofactor of the Hessian also has
divergence-free columns; this allows us to integrate the determinant equation by parts, including at
the boundary.

3.1 The Hessian in real and complex coordinates

Use the triples za = xa + Pai ∈ D of Section 2, with Pa ∈ Ck. We allow a fourth real coordinate
as well: Appendix A uses it to rotate the normal at the boundary. Thus for each of m coordinate
indices let za =

∑k−1
α=0 eαzaα, where k = 3 or 4, (e0, e1, e2, e3) = (1, i, j,k), and the zaα are real. For

a real C2 function u put ∂aα = ∂/∂zaα and define

Ga(u) =
∑
α

eα ∂aαu, Hab(u) =
∑
α,β

eαēβ ∂aα∂bβu. (3.1)

Thus G(u) is the ordinary gradient written as a quaternionic column. The symbols ∇, ∆ and ∂n
denote the Euclidean gradient, Laplacian and outward normal derivative.

Lemma 3.1 (Hessian calculus). In either number of slots, H(u) is Hermitian and trH(u) = ∆u.
The linear map from the real Hessian to H(u) sends ξξt to gg∗, where ga =

∑
α eαξaα. It sends

nonnegative real forms to nonnegative quaternionic forms. The product rule is

H(uv) = uH(v) + vH(u) +G(u)G(v)∗ +G(v)G(u)∗. (3.2)

In four slots H is covariant under quaternionic unitary changes of coordinates, and in three slots
under real orthogonal changes of the coordinate index applied in all slots.

If u depends only on P ∈ Cmk , then

Ga(u) = 2(∂P̄a
u)i, Hab(u) = 4∂P̄a

∂Pb
u. (3.3)

In particular, a holomorphic map F = (F1, . . . , Fl) with complex Jacobian Jνa = ∂PaFν satisfies

H
(∑

ν

|Fν |2
)

= 4J∗J. (3.4)

For every smooth real function ρ of F , G(ρ ◦ F ) belongs to the quaternionic image of J∗.

Proof. Interchanging the real derivatives gives Hermitian symmetry. In a diagonal entry the terms
with α ≠ β cancel in pairs; the remaining terms have coefficient one. Formula (3.1) applied to
ξξt gives gg∗, and sums of these rank-one forms give every nonnegative real form. The same
formula and the ordinary product rule give (3.2). In four slots the real transpose of a quaternionic
unitary U acts on the encoded covector as U∗. Thus the Hessian rule for a real rank-one form gives
H(u ◦ U) = U∗(H(u) ◦ U)U ; linearity extends this to every real Hessian. Real orthogonal matrices
on the coordinate index also preserve the three-slot subspace, giving the stated covariance there.

For Pa = pa + kqa we have 2∂P̄a
= ∂pa + k∂qa . Since ki = j, this gives the gradient in (3.3).

The four terms in Hab have coefficients 1,−k,k, 1 in the order (papb, paqb, qapb, qaqb), which gives
its Hessian formula. The complex chain rule now gives (3.4) and G(ρ ◦ F ) = 2J∗(∂F̄ν

ρ)ν i, with the
derivatives of ρ evaluated at F .

3.2 The Moore cofactor

For Hermitian quaternionic matrices use the real inner product A : B = Re tr(AB). The real part
of the trace is cyclic; in particular A : (vv∗) = v∗Av. Write detA for the Moore determinant, the
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product of the m real eigenvalues counted with quaternionic multiplicity. These conventions agree
with [2, Section 1.1, especially Theorems 1.1.8–1.1.9]. The next identities apply also to the full
Hessian in the energy argument, whose spatial block is positive definite but whose time entry need
not have a sign.

Lemma 3.2 (Matrix identities). The Moore determinant is a homogeneous polynomial of degree m.
Its cofactor C(A) is the Hermitian matrix defined by

C(A) : B = d

dt
det(A+ tB)

∣∣∣∣
t=0

. (3.5)

It is polynomial of degree m− 1, and

C(A) = (detA)A−1 (A > 0). (3.6)

If A ≥ 0, then C(A) ≥ 0; if also A is singular, C(A) kills the image of A. On positive definite
matrices log det is concave and increasing in the matrix order.

For a unit vector v ∈ Hm let A|v⊥ denote the compression of the form to its quaternionic
orthogonal complement. For every Hermitian A and real t,

v∗C(A)v = det(A|v⊥), det(A+ tvv∗) = detA+ t v∗C(A)v. (3.7)

The determinant on the zero-dimensional space is one. Finally, for a Hermitian M =
(
ℓ c∗
c D

)
with

D > 0, put σ = ℓ− c∗D−1c and let v0 be the first coordinate vector. Then

detM = (detD)σ, M − σv0v
∗
0 ≥ 0. (3.8)

Proof. A Hermitian matrix has a quaternionic orthonormal eigenbasis: maximize v∗Av on the unit
sphere and repeat on the orthogonal complement. By Newton’s identities its determinant is a
polynomial in the power sums Re tr(Aj), 1 ≤ j ≤ m. This gives (3.5) with the stated degrees. In
the real representation on R4m each eigenvalue occurs four times. Thus for A > 0, log detA is
one fourth of the real log determinant. Differentiation proves (3.6), monotonicity and concavity.
On a diagonal matrix each cofactor eigenvalue is the product of the other m− 1 eigenvalues, first
for positive matrices by (3.6), then for all diagonal matrices by polynomiality. Unitary invariance
proves the claims for singular A.

Completing the square shows that the form of M −σv0v
∗
0 at (b, w) is (w+D−1cb)∗D(w+D−1cb).

For σ > 0 the real Schur determinant formula gives (detM)4 = (detD)4σ4; take the positive fourth
root. Both sides of detM = (detD)σ are polynomials in ℓ, so the identity holds for every σ. In
a basis with v first, adding tvv∗ changes only ℓ. For positive A the change in its determinant is
therefore exactly t det(A|v⊥). Differentiation in t gives the first formula in (3.7); polynomiality
extends both to every Hermitian A. For m = 1 they hold directly.

3.3 Column divergence and the boundary term

In k slots the real tensor (2.6) of a Hermitian field A(z) has coefficients

AR
aα,bβ = Re(ēαAabeβ). (3.9)

This symmetric real matrix represents the Hermitian form on the encoded real vectors: (∇v)tAR∇u =
Re(G(v)∗AG(u)). Likewise A : H(u) = AR : D2u, where the pairing on the right is the ordinary
real matrix inner product. Consequently, whenever the real columns have zero divergence,

A : H(u) = div(AR∇u). (3.10)
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One sufficient condition is the quaternionic row identity∑
a,α

ēα ∂aαAab = 0 (1 ≤ b ≤ m) : (3.11)

multiply on the right by eβ and take real parts. Also, if AG(w) = 0 for a real scalar function w,
then wA preserves either form of column conservation already satisfied by A. Indeed the extra row
in the product rule is G(w)∗A = 0.

Alesker showed that the real tensor representing the Moore cofactor of a positive definite
quaternionic Hessian has divergence-free columns. This puts the linearized Monge–Ampère operator
in divergence form [4, Lemma 4.6]. The following polynomial proof also covers the three slots used
by the wave current and allows an indefinite or singular Hessian.
Lemma 3.3 (Cofactor divergence). For k = 3 or 4 and a smooth real u, the Hessian cofactor
satisfies ∑

a,α

ēα ∂aαC(H(u))ab = 0 (1 ≤ b ≤ m). (3.12)

Proof. For m = 1 the cofactor is one. Otherwise put j0 = m−1. Polarize the cofactor: for Hermitian
inputs M1, . . . ,Mj0 , denote the coefficient of t1 · · · tj0 in C(

∑
j tjMj) by Q(M1, . . . ,Mj0). This is

multilinear, and on the diagonal equals j0!C(M1).
Take Mj = gjg

∗
j . For tj > 0,

∑
j tjgjg

∗
j is singular: its image is the quaternionic span of the j0

columns. Its cofactor therefore kills each gj , by Lemma 3.2. This polynomial identity in t holds
coefficient by coefficient. Thus Q = Q(g1g

∗
1, . . . , gj0g

∗
j0) kills every gj , and g∗

jQ = 0 as well since Q
is Hermitian.

Test the polarized identity on uj(z) = exp(ξj · z) with arbitrary real covectors ξj , using the
Euclidean dot product. Set (gj)a =

∑
α eα(ξj)aα. The Hessian symbol in Lemma 3.1 gives

Q(H(u1), . . . ,H(uj0)) = exp((
∑
j ξj) · z)Q. After cancellation of this exponential, its row divergence

is (
∑
j gj)∗Q = 0. To pass to arbitrary smooth inputs, observe that the row divergence is a multilinear

differential expression with constant coefficients: its value on these exponential functions, divided
by their product, is the polynomial whose coefficients multiply the corresponding derivatives of the
inputs. That polynomial vanishes for all covectors, so all coefficients vanish. Taking every input
equal to u proves (3.12).

Here is the boundary convention used for both the current and the cofactor. On a smooth
domain Ω = {r < 0} assume ∇r ≠ 0 on ∂Ω. Write n = ∇r/|∇r| for the real outward unit normal
and ν = G(r)/|∇r| for the same vector in quaternionic coordinates. By (3.10), Green’s identity for
a field with divergence-free real columns is∫

Ω

(
v A : H(u) − uA : H(v)

)
=
∫
∂Ω

Re(v ν∗AG(u) − u ν∗AG(v)) dS. (3.13)

Volume and surface measure are Euclidean. The same formula holds in periodic coordinates, with
test functions of compact support in any unbounded directions.

If u vanishes on ∂Ω, then G(u) = ν ∂nu there. Also u = ρr for a smooth ρ near the boundary:
use r as one local coordinate and integrate the derivative of u in that coordinate. The cross terms
of (3.2) then vanish on compression, giving

H(u)|ν⊥ = ρH(r)|ν⊥ on ∂Ω. (3.14)

In four slots this calculation gives the invariance of the quaternionic Levi form under a change of
defining function [3]. Functions independent of the fourth slot give the same formula in three slots.
In particular the normal flux coefficient ν∗C(H(u))ν depends only on this compressed form, by
(3.7). This is why the determinant boundary term can be evaluated without knowing the second
derivative of u in the real normal direction.
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4 The determinant energy and its boundary flux
The time component of the wave current is a sum of squares. After regularization it gives the
density for a spatial Dirichlet potential: a lower bound on the density throughout a ball forces a
definite depth at its center. To compare that depth at different times, we need a scalar energy on
the three real coordinates z = (T, τ) ∈ R × Ck whose Laplacian is bounded above by the wave flux
through the side of the spatial fiber.

Keep the annular wave on the torus from Section 2, normalized by ∥f∥2 = 1. Put w0 = 1/10
and assume its sector |v| ≤ γ has γ < w0/4. Write s = |τ | and a = Kh, where K ≥ 1 is fixed and h
is small enough that 4a ≤ 1. All the constructions of this section take place on a < s < 4.

4.1 The geometry of the fibers

At fixed z, let X run over the spatial torus and let the imaginary spatial variables (P,Z) ∈ Cdk ×Ck
vary in the domain

Ωz : r = |W |2

w2
0

+ 100|Q|2 − 1 < 0, Q = Φ/a. (4.1)

The shape of the fiber reflects two properties of the current from Proposition 2.2: it is tangent to
the level sets of Φ, and its Gaussian is centered at W = v for a mode of slope v. Only the W part of
the wall normal can therefore carry wave flux. In (W,Q) the fibers are all the same ellipsoid. The
definitions Y = (τ + Z)/

√
2, W = P/Y and Φ = (Z − τ)/

√
2 + P · P/(2Y ) give the inverse map

Y =
√

2 τ + aQ

1 +W ·W/2 , P = WY, Z =
√

2Y − τ. (4.2)

The denominator is bounded away from zero on |W | ≤ w0, and |aQ| ≤ s/10, so y = |Y | ≍ s.
Both the chart and its inverse are holomorphic on neighborhoods of these closed fibers and depend
smoothly on τ . On the total domain Ω = {(z,X, P, Z) : a < s < 4, (X,P,Z) ∈ Ωz} we use H,G for
the full Hessian and gradient from Lemma 3.1. Their spatial parts at fixed z are Hfib, Gfib. Fiber
integrals use ordinary volume dζ = dX dP dZ in the original coordinates.

Lemma 4.1 (Fiber geometry). The spatial Hessian Hfib(r) is positive definite. The full H(r)
is positive semidefinite with a one-dimensional quaternionic kernel contained in both G(r)⊥ and
kerH(|Φ|2). On the closed fibers, uniformly for a < s < 4,

Hfib(r) ≥ cs−2I, Gfib(r)Gfib(r)∗ ≤ Hfib(r), (4.3)
dP dZ ≍ a2s2d dW dQ, detHfib(r) ≍ a−2s−2d. (4.4)

The spatial Hfib(|Φ|2) has rank one with nonzero eigenvalue comparable to one. Also |G(|W |2)| ≲ s−1.

Proof. Set F = (W/w0, 10Q) and let J be its complex Jacobian in (τ, P, Z), with spatial submatrix
Jfib. Since r = |F |2 − 1, Lemma 3.1 gives

H(r) = 4J∗J, G(r) = 2J∗F i.

At fixed τ the spatial Jacobian Jfib is invertible. In the full space we can vary τ while keeping (W,Q)
fixed; the resulting direction spans ker J over Ck and its quaternionic span is the null line of H(r).
This line is orthogonal to G(r), which belongs to the image of J∗, and lies in kerH(|Φ|2) because
the last row of J is proportional to ∂Φ. By (4.2), derivatives of (P,Z) in W are O(s) and those in
Q are O(a). Thus ∥J−1

fib ∥ ≲ s; together with |F | ≤ 1 this proves (4.3).
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The complex Jacobian determinant of (4.2) in (W,Q) is
√

2 aY d/(1 + W · W/2): taking the
exterior product of the differentials of P = WY with dY leaves just Y d times the product of the
differentials of W with dY . Squaring the absolute value gives the volume formula. The determinant
of 4J∗

fibJfib is 4n| detC Jfib|2, giving the second bound in (4.4). Finally the spatial derivatives of Φ
are bounded and ∂ZΦ = (1 − W · W/2)/

√
2 is bounded away from zero. All first derivatives of

W = P/Y are O(s−1).

4.2 The Dirichlet potential

The time density can vanish. We first smooth the wave current in X and cut it off in the passive
coordinate Q. To make its time density strictly positive, we then add a conserved current whose
image is the null line of H(r); it has zero flux through the wall. For ℓ > 0 let Jℓ be the periodization
on the spatial torus of the probability kernel cnℓ−n(1 + |X/ℓ|2)−n−2. Choose a smooth 0 ≤ g ≤ 1
on Ck, equal to one on |Q| ≤ 1/100 and zero on |Q| ≥ 1/20. Define

Aw = g(Q)(Jh ∗X A0), A = Aw + h50nC(H(r)), µ = ATT . (4.5)

Convolution takes place only in the real spatial variable. Since ∂Φ is independent of X, the averaged
current still annihilates the image of H(|Φ|2) and hence G(g(Q)). The product rule for divergence
therefore preserves conservation under the cutoff. By Lemmas 3.2 and 3.3, the regularizing cofactor
is positive semidefinite and divergence free. Its image is kerH(r), perpendicular to G(r), and its
TT entry is detHfib(r) > 0. Thus

A ≥ 0, µ > 0, A : H(|Φ|2) = 0. (4.6)

Put B0 = λ|Φ|2, B = H(B0), Bfib = Hfib(B0), with λ = h−30n. By (4.6), the full background
satisfies A : B = 0. Its spatial block Bfib has one nonzero eigenvalue β ≍ λ. The factor h50n keeps
the added density below the wave estimates of Section 5; we take λ large enough that

µ1/d ≤ λ (4.7)

for all sufficiently small h. To see this, each Gaussian amplitude factor in χ has size at most
(κ/y)d/2 ≲ h−d. The columns V v are bounded and

∑
|cκ,v| ≲ h−n/2 by the cap estimate in Section 2,

so ∥A0∥ ≲ h−n−2d. The regularizer adds only O(h50na−2s−2d) to µ by (4.4).
On each spatial fiber there is a unique smooth real u satisfying

Du = Hfib(B0 + u) > 0, detDu = λµ, u|∂Ωz = 0. (4.8)

Indeed, the spatial defining Hessian is positive definite, and Bfib ≥ 0 has zero determinant since
n ≥ 2. Together with µ > 0 these are the hypotheses of Theorem A.1. The chart (4.2) and the
parameter assertion of that theorem give smooth dependence on z up to the lateral boundary;
its barriers (A.2) give u ≤ 0. To see how the equation measures depth, add αI to the spatial
background. Then det(Bfib + αI) = (β + α)αd; thus for 0 < α ≤ λ a density λµ corresponds to an
isotropic comparison quadratic of curvature α ≍ µ1/d. Section 5 will use such quadratics on balls.

4.3 Cancelling the full determinant

The quantity that measures the depth of the potential against its density is X0(z) =
∫

Ωz
(−u)µdζ.

Since the real columns of A have zero divergence, Green’s formula for ∆zX0 has interior term
−
∫

Ωz
A : H(u) dζ. In a related estimate for real positive tensors, Serre uses the determinant of a
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Schur complement to isolate a diagonal entry of a second tensor [71, Proposition 2.2]. Here only the
spatial block of H(B0 + u) is known to be positive. Separate off its scalar Schur complement:

H(B0 + u) =
(
ℓ c∗

c Du

)
= σ0eT e

∗
T + Σ, σ0 = ℓ− c∗D−1

u c, Σ =
(
c∗D−1

u c c∗

c Du

)
≥ 0. (4.9)

Here eT is the time coordinate vector. Completing the square gives Σ ≥ 0. In the contraction
with A the background term A : B vanishes by (4.6); in the determinant, detDu = λµ gives
detH(B0 + u) = λµσ0. Thus

A : H(u) = A : Σ + µσ0 = A : Σ + λ−1 detH(B0 + u). (4.10)

The full determinant has no prescribed sign. We look for a second fiber integral whose Laplacian
cancels this term. Write Dv = Hfib(B0 + v). Along the segment B0 + θu, the cofactor of the full
Hessian has TT entry detDθu, and its contraction with H(u) differentiates the full determinant in
θ. This suggests integrating the spatial determinant along the segment. For a smooth real v on Ωz

with Dv > 0 and zero boundary values, set

Ez(v) = 1
λ

∫
Ωz

v

∫ 1

0
detDθv dθ dζ, Jz(v) = Ez(v) −

∫
Ωz

vµ dζ. (4.11)

The segment integral is the quaternionic counterpart of the Aubin–Mabuchi energy: Mabuchi’s
functional L integrates the variation of a Kähler potential against its complex Monge–Ampère
measure [52, (2.2.1)]. Here the determinant is a polynomial, so the integrand is smooth up to the
singular endpoint D0 = Bfib. Define F(z) = Jz(u) = Ez(u) +X0(z).

Proposition 4.2 (Energy balance). The energy F is smooth on a < |τ | < 4. Let ρ denote the
boundary value of u/r, which extends smoothly from the interior. In the three variables z = (T, τ)
one has

∆zF(z) +
∫

Ωz

A : Σ dζ =
∫
ρG(r)∗AwG(r) δ(r) dζ. (4.12)

The normal seen by the current is that of the moving wall in the total space, so G(r) is the full
gradient. The integration is on one fiber: δ(r) dζ = dSfib/|∇fibr|, where the spatial gradient is
nonzero by the ellipsoid chart. Since A : Σ ≥ 0, the boundary integral bounds ∆zF from above.

Proof. Denote the boundary integral in (4.12) by B(z). The two identities whose sum gives the
balance are

∆zX0 = B(z) −
∫

Ωz

A : Σ dζ − λ−1
∫

Ωz

detH(B0 + u) dζ,

∆z[Ez(u)] = λ−1
∫

Ωz

detH(B0 + u) dζ.

For a fixed complex product domain, Åhag et al. [1, Theorem 3.1] identified the Laplacian of the
slice energy, up to normalization, with the integral of the full Monge–Ampère measure over the
fiber. Here the fiber moves, so the second identity requires a boundary calculation. Both follow
by testing with a smooth η = η(z) compactly supported in the parameter domain. The only entry
of H(η) is HTT (η) = ∆zη. For any Hermitian matrix field M with divergence-free real columns,
Green’s formula (3.13) on the total domain gives∫

Ω
uMTT∆zη =

∫
Ω
ηM : H(u) −

∫
∂latΩ

η (ν∗Mν) ∂nu dS. (4.13)
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Here ∂latΩ is the side r = 0, and volume on Ω is dz dζ. The term containing u∇η vanishes because
u = 0 on the lateral boundary; there are no end terms because of the support of η. The unit
outward normal n = ∇r/|∇r| on the total domain has quaternionic column ν = G(r)/|∇r|. Since r
is a smooth defining function, u = rρ near the boundary with ρ smooth and ρ ≥ 0 on r = 0. In
particular ∂nu = ρ|∇r|.

For X0, take M = A in (4.13) and change sign since X0 integrates (−u)µ. The interior term
follows from (4.10). On the wall the regularizer C(H(r)) has image perpendicular to ν, so only Aw
contributes. Substituting ∂nu = ρ|∇r| and dS = |∇r|δ(r) dz dζ gives B(z).

For Ez(u), take M = C(H(B0 + θu)), whose columns are conserved by Lemma 3.3. Here the
entire normal coefficient vanishes. Indeed (3.14) gives, on r = 0,

H(B0 + θu)|ν⊥ = (B + θρH(r))|ν⊥ .

The null line of H(r) belongs to both ν⊥ and kerB by Lemma 4.1; the restricted form is therefore
singular. The cofactor restriction formula in Lemma 3.2 yields ν∗Mν = 0, independently of the
sign of the full Hessian. The same formula in the eT direction gives MTT = detDθu. Now integrate
(4.13) in θ and divide by λ. On the left we obtain

∫
Ez(u)∆zη dz; on the right, integration of

M : H(u) = ∂θ detH(B0 + θu) gives the full determinant at θ = 1, since detB = 0. This proves
the second identity and hence the balance in distributions. The chart (4.2) makes the volume and
surface integrals smooth in z, so it also holds pointwise.

4.4 Size of the energy on a fiber

Fix z. The segment integral in (4.11) is a primitive of the spatial determinant: for a smooth
variation w with zero boundary values, one has

dJz(v)[w] =
∫

Ωz

w(λ−1 detDv − µ) dζ,

d2Jz(v)[w,w] = −λ−1
∫

Ωz

Gfib(w)∗C(Dv)Gfib(w) dζ.

For the first identity, differentiating under the integral in (4.11) produces a term θvC(Dθv) : Hfib(w).
By cofactor divergence one may interchange v and w in its fiber integral; both vanish on the
boundary. The integrand in θ is then w ∂θ(θ detDθv). Differentiating once more and integrating
by parts gives the second formula. It is strictly negative for every nonzero w, since C(Dv) > 0.
Thus the Dirichlet solution is the unique maximizer on this convex class. This is the smooth
determinant variational principle with a rank-one background. For zero background, Wan proved
the first variation and the corresponding variational characterization in quaternionic finite energy
classes [76, Section 4].

Since u ≤ 0 and Dθu = (1 − θ)Bfib + θDu ≥ 0, the correction Ez(u) is nonpositive. At a solution
the linear term in F uses the determinant at B0 + u. Thus λF has the form of Aubin’s J-functional
[5, p. 145], with B0 + u as reference potential and B0 as argument in the relative formula [10,
Section 2.1]. The rank-one background lets us calculate how much of X0 remains in F = X0 +Ez(u).

Lemma 4.3 (Energy comparison). On every spatial fiber,

F = n− 1
n+ 1X0 + 1

λn(n+ 1)

∫
Ωz

Gfib(u)∗C(Du)Gfib(u) dζ. (4.14)

In particular, n−1
n+1X0 ≤ F ≤ n

n+1X0.
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Proof. Because Bfib has rank one, the determinant along the segment has just two terms:

detDθu = θn detDu + (1 − θ)θn−1C(Du) : Bfib.

Write I =
∫

Ωz
(−u)C(Du) : Bfib dζ ≥ 0. Integrating in θ gives F = nX0/(n+ 1) − I/[λn(n+ 1)], in

particular the upper bound. Also C(Du) : Du = n detDu, so

nλX0 − I =
∫

Ωz

(−u)C(Du) : Hfib(u) dζ =
∫

Ωz

Gfib(u)∗C(Du)Gfib(u) dζ.

This last integration by parts uses u = 0 at the boundary. Substitution proves (4.14) and its lower
bound.

5 Estimating the energy on a fixed fiber
On a fiber at fixed (T, τ), the only positive contribution to the energy balance comes from the wave
current crossing the spatial wall r = 0. The Gaussian is small where the current reaches the wall;
comparison with a spatial average of the wave bounds the other factor, the boundary value of u/r.
This gives an upper bound for the flux in terms of the wave norm. To bound it by the energy itself,
we must recover that same norm from the interior. There we invert the Gaussian and compare u
with a quadratic on each ball of radius h.

Proposition 5.1. Fix an annulus c1 ≤ h|ξ| ≤ c2, with 0 < c1 < c2. There are constants γ > 0,
K ≥ 1, and c, C > 0, depending only on n and the annulus, with the following property. Let a = Kh,
0 < h < 1/(4K), and let f be a trigonometric polynomial on the fixed torus, with ∥f∥2 = 1 and
frequencies in this annulus and in |v| ≤ γ in some orthonormal frame. Write gT = e−iT |D|f and let
F(T, τ) be its energy from Section 4. Then

F(0, τ) ≤ Ca2∥f∥pc
pc (|τ | = 4a), (5.1)

F(T, τ) ≥ ca2∥gT ∥pc
pc (|τ | = 2a), (5.2)

∆zF(T, τ) ≤ V (s)F(T, τ), V (s) = Cs−2e−cs/h (2a ≤ s = |τ | ≤ 3). (5.3)

The last two inequalities hold for all T ∈ R.

Proof. Write d = n− 1, q = n/d = pc/2, and σ = s/h. Throughout the proof 2a ≤ s ≤ 3. On the
fiber

r = |W |2/w2
0 + 100|Q|2 − 1 < 0, w0 = 1/10, Q = Φ/a,

we use two regions. On r = 0 the cutoff in the current vanishes unless |Q| ≤ 1/20, which forces
|W | ≥ (

√
3/2)w0. Near the center, where |W | ≤ γ and |Q| ≤ 1/400, the Gaussian multiplier can be

inverted. Figure 1 shows the separation between these regions. It lets us compare two exponentials
with different constants in their exponents. For now take 0 < γ < w0/8. We estimate uniformly in
s, allowing the prefactor in the interior lower bound to depend on γ.

A spatial average for the upper bound. For a dimensional constant D ≥ 1, to be fixed below,
set

P∗(X) =
(
(JDs ∗ |gT |2)(X)

)1/d
, M = 2n+ 4.

Here and below convolution is in the real spatial variables X. Recall that Jℓ is the periodization of
Cnℓ

−n(1 + |X/ℓ|2)−M/2, of integral one. Differentiating this positive kernel term by term and then
taking the dth root gives

|∇j
XP∗| ≤ C(Ds)−jP∗ (j = 1, 2),

∫
P d+1

∗ dX ≤ ∥gT ∥pc
pc . (5.4)

18



(a) The fiber wall

|W |

|Q| = |Φ|/a

0 w0

1/20

1/10

r < 0 r = 0

flux wall(b)

(b) The recovery patch

|W |

|Q|

0 γ 2γ

1/400

1/100

Gaussian inversion
g(Q) = 1

centers

Figure 1: The fixed fiber in modulus coordinates. The wave flux through r = 0 is supported on
the heavy arc, where |Q| ≤ 1/20 and hence |W | ≥

√
3w0/2. This separation gives Gaussian decay

e−cs/h even for |v| ≤ w0/3. In the enlargement (b), once Kγ is large, the radius-h balls about the
marked centers project into the dashed patch. There |W − v| ≤ 4γ on the enlarged cap |v| ≤ 2γ,
so Gaussian inversion costs at most eCγ2s/h. The aperture γ is fixed independently of h; its size
relative to w0 is schematic.

The integral bound is Young’s inequality with exponent q. The positive kernel gives P∗ > 0 since
∥gT ∥2 = 1.

We next bound the wave current Aw and its regularized density µ. By Proposition 2.2, each
scalar part of the wave polarization is a multiplier on gT with symbol a bounded smooth factor
times

(κ/y)d/2 exp(−Ψ), Ψ = 1
2κy|W − v|2, y = |Y | ≍ s.

Multiply the symbol by a fixed smooth annular cutoff equal to one on the data and supported in
|v| < w0/3. In the variable η = hξ its derivatives through order M are bounded by C(hs)−d/2σm

for some fixed m. Indeed hκ and v have uniformly bounded derivatives on this cutoff, hκ is
bounded away from zero there, and each derivative of Ψ costs at most Cσ. On r = 0 where g(Q) is
nonzero, |W − v| has a fixed positive lower bound, so the same estimate gains e−c0σ for some c0 > 0
independent of γ.

If B bounds these derivatives of a compactly supported symbol, applying (1 − ∆η)n+2 in its
inverse Fourier transform bounds its absolute kernel by CBh−n(1 + |X/h|2)−M/2. Periodization
gives the majorant CBJh on the torus, also for a rotated lattice. Thus the squared modulus of the
multiplier output is bounded by CB2Jh ∗ |gT |2. There is one more convolution with Jh in Aw. We
have Jh ∗ Jh ≤ CJh: in the Euclidean convolution, either |Y | or |X − Y | is at least |X|/2, and the
inequality persists after periodization. Moreover Jh ≤ (Ds/h)nJDs. Using (hs)−d = s−2dσd and
increasing m when necessary, we obtain

∥Aw∥ ≤ Cs−2dσmP d∗ (r ≤ 0),
∥Aw∥ ≤ Cs−2dσme−c0σP d∗ (r = 0). (5.5)

Here ∥Aw∥ is the matrix operator norm. Only the first bound is needed for µ. Its extra term is
h50n detHfib(r) ≤ Ch50na−2s−2d by Lemma 4.1. The nearest lattice term in the positive kernel
gives infX JDs(X) ≥ cDh

M−n, since the torus has fixed diameter and h ≤ s ≤ 3. Consequently
P d∗ ≥ cDh

M−n∥gT ∥2
2 = cDh

M−n, which absorbs h50na−2. In particular

µ ≤ Cs−2dσmP d∗ (r ≤ 0). (5.6)
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A comparison function that vanishes on the wall. Put R = Hfib(r). Two features of the
defining function from Lemma 4.1 will be used together: R ≥ cs−2I and Gfib(r)Gfib(r)∗ ≤ CR. It
follows that

Hfib(rP∗) ≥ (1 − C/D)P∗R. (5.7)

In fact, the product rule of Lemma 3.1 gives P∗R, rHfib(P∗), and two terms pairing the gradients
of r and P∗. For any quaternionic vector e the two gradient pairings with e have moduli at
most C(e∗Re)1/2 and CD−1P∗(e∗Re)1/2, respectively. This estimates the mixed terms. The term
involving Hfib(P∗) has relative cost CD−2 by (5.4) and |r| ≤ 1.

Since r < 0, an upper bound on u/r calls for a comparison function below u, with determinant at
least λµ. FixD so the right side of (5.7) is at least P∗R/2. The background HessianBfib = λHfib(|Φ|2)
has rank one and its positive eigenvalue is comparable to λ = h−30n. Hence for v∗ = C1σ

m1rP∗,

det
(
Bfib +Hfib(v∗)

)
≥ cλ(C1σ

m1P∗s
−2)d ≥ λµ

by (5.6) with m1, C1 large enough. The potentials v∗ and u have the same zero boundary data;
Dirichlet comparison (Theorem A.1) yields v∗ ≤ u ≤ 0. Division by r < 0 and passage to the
boundary give

0 ≤ u/r ≤ C1σ
m1P∗ (r ≤ 0). (5.8)

By Lemma 4.3, F ≤
∫

(−u)µ on the fiber. Its imaginary volume element is comparable to
a2s2d dW dQ by Lemma 4.1. Combining (5.4), (5.6) and (5.8) gives

F(T, τ) ≤ Ca2σm∥gT ∥pc
pc . (5.9)

For the flux we need the full gradient of r. The tangency in Proposition 2.2 gives AwG(|Φ|2) = 0;
the remaining part, G(|W |2/w2

0), has size O(s−1) since W = P/Y and y ≍ s. Thus G(r)∗AwG(r) ≤
Cs−2∥Aw∥. The Jacobian estimate also gives

∫
δ(r) dP dZ ≤ Ca2s2d by coarea on the fixed ellipsoid

in (W,Q). Applying the wall bound in (5.5) and (5.8) to the flux integral in Proposition 4.2, we
conclude that

∆zF(T, τ) ≤ C(a/s)2σme−c0σ∥gT ∥pc
pc . (5.10)

Recovering the wave in the interior. Consider a center (X,P,Z) with |W | ≤ γ and |Q| ≤ 1/400.
The ball of radius h in the 3n real spatial coordinates about this center lies in |W | ≤ 2γ, |Q| ≤ 1/100,
provided Kγ and K are sufficiently large: W = P/Y changes by at most Ch/s and Φ by at most
Ch there. The cutoff in Aw is one throughout the ball.

The first scalar multiplier S0 of the time component in (2.15) has symbol b0(κ/y)d/2e−Ψ with
b0 = (1 + Re(W ) · v/2)/

√
2 bounded away from zero. The other scalar component is orthogonal, so

|S0gT |2 ≤ A0
TT . Invert S0 on the frequencies of gT by multiplying its reciprocal symbol by a smooth

annular cutoff equal to one on the data and supported in |v| ≤ 2γ. On its support Ψ ≤ Cγ2σ. The
derivatives of the reciprocal symbol in η = hξ through order M are bounded by

Binv = Cγ(hs)d/2σmeCγ
2σ.

Here the derivatives of the cutoff enter only the prefactor Cγ ; the constant in the exponential is
independent of γ. The kernel estimate above yields |gT (X)|2 ≤ CB2

inv(Jh ∗A0
TT )(X) for each choice

of the imaginary coordinates in the ball. Since Jh(X ′ − Y ) and Jh(X − Y ) are comparable for
|X ′ −X| ≤ h, the density at every point in the ball is at least

mX = cγ(hs)−dσ−me−C2γ2σ|gT (X)|2. (5.11)
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For the interior lower bound on −u we need a comparison function above u. Let l be Euclidean
distance from the center. The quadratic vb = ϵm

1/d
X (l2 − h2) vanishes on the boundary of the ball

and has fiber Hessian 6ϵm1/d
X I (three real slots per spatial coordinate). For mX > 0, its determinant

after adding Bfib is at most
C
(
(ϵm1/d

X )n + λ(ϵm1/d
X )d

)
≤ λmX

with a fixed small ϵ: the density ceiling (4.7) and (5.11) give m1/d
X ≤ µ1/d ≤ λ. Now u ≤ 0 = vb

on the ball boundary and the determinant of Bfib +Hfib(u) is λµ ≥ λmX . The local comparison
principle from the proof of Theorem A.1 gives u ≤ vb in the ball. At the center the depth is therefore
at least ϵh2m

1/d
X . Multiplication by µ ≥ mX gives (−u)µ ≥ ϵh2m

1+1/d
X , also when mX = 0. Here

1 + 1/d = q and mX contains |gT (X)|2, giving the required power 2q = pc of the wave.
The imaginary volume of the center region is comparable to a2s2dγ2d. Integrate the center

inequality there and in X, use the lower bound for F in Lemma 4.3, and recall that h2s2d(hs)−dq =
σn−2. Enlarging the fixed power m and absorbing γ2d into the prefactor gives

F(T, τ) ≥ cγa
2σ−me−C3γ2σ∥gT ∥pc

pc . (5.12)

Choose γ so small that C3γ
2 < c0/2, then fix K to meet the ball inclusions and to ensure that

h < 1/(4K) lies in the range of (4.7). Dividing the flux bound (5.10) by the interior lower bound
(5.12) gives

∆zF
F

≤ Cγs
−2σ2me−(c0−C3γ2)σ.

The exponential absorbs the fixed power of σ, proving (5.3). On the two circles in the τ plane the
scaled radii 4a/h = 4K and 2a/h = 2K are fixed. The energy upper bound (5.9) at the first circle
gives (5.1) for the initial data; the lower bound (5.12) at the second gives (5.2) for the wave at time
T .

6 Propagation across a thin cylinder
The energy in Proposition 5.1 controls the wave on the circle |τ | = 2a, 1 ≤ T ≤ 2, and is controlled
by the data at |τ | = 4a, T = 0. To compare these two sets, we first carry the energy out to |τ | = 1,
where a fixed neighborhood connects the two time intervals. We then carry it back towards the
inner wall. Each passage costs one logarithm, as Figure 2 illustrates. The radial harmonic functions
used for comparison are the probabilities that planar Brownian motion leaves an annulus through
one circle or the other [57, Theorem 3.18]. We use the maximum principle to retain this comparison
in the presence of a potential.

Lemma 6.1. Let 0 < b < 1/4 and D = log(3/b). Suppose a continuous potential V : [b, 3] → [0,∞)
satisfies ∫ 3

b
s log(s/b)V (s) ds ≤ M, sup

1/2≤s≤3/2
V (s) ≤ M. (6.1)

Let E ≥ 0 be smooth on RT × {τ ∈ R2 : b ≤ |τ | ≤ 3}, with ∆T,τE ≤ V (|τ |)E in the interior. Its
circular mean

H(T, s) = 1
2π

∫ 2π

0
E
(
T, s(cos θ, sin θ)

)
dθ

satisfies, for b ≤ r ≤ 1,

H(0, r) ≥ c(M) log(r/b)
D2

∫ 2

1
H(T, b) dT. (6.2)

In particular the factor at r = 2b is a constant times D−2.
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(a) Outward comparison

3/4 ≤ s ≤ 5/4

0 1 2 3
b

1

3 s

T
observed wave

factor at s = 1: log 3
log(3/b)

(b) Inward comparison

−1 0 1
b

2b

1 s

T

uniform lower bound

H(0, 2b)

factor at s = 2b: log 2
log(1/b)

Figure 2: The two comparisons, with radii s = |τ | drawn schematically. The boundary mass on
1 ≤ T ≤ 2 bounds the mass in the shaded band from below. The mean inequality on a fixed annulus
supplies a lower bound on the entire upper wall in (b). The two displayed fractions are values of
the normalized radial harmonic functions. The comparison solutions with potential dominate fixed
multiples of these values, giving the factor [log(3/b)]−2 at the dot. In the wave estimate, b = 2Kh:
H controls the wave norm on the marked segment and is controlled by the initial data at the dot.

Proof. Averaging over rotations preserves the differential inequality, so H(T, |τ |) is again a super-
solution of (−∆T,τ + V )H ≥ 0. We first estimate the radial solutions that will be used for both
passages. For S = 1 or 3 and a fixed κ > 0, consider

u′′ + s−1u′ = (V + κ2)u, b < s < S,

with endpoint values 0, 1 in either order. We claim that u is bounded below by a constant times
the function affine in log s with the same values. Indeed, x = log(s/b) changes the equation into
uxx = P (x)u on [0, A], where A = log(S/b) and P (x) = s2(V (s) + κ2). Let ψ solve this equation
with ψ(0) = 0, ψ′(0) = 1. Then ψ(x) ≥ x, and integrating twice gives

ψ(x)
x

= 1 +
∫ x

0

z(x− z)
x

P (z)ψ(z)
z

dz.

Since z(x−z)/x ≤ min(z,A−z), Gronwall’s inequality gives ψ(A)/A ≤ exp(
∫ A

0 min(z,A−z)P (z) dz).
The contribution of V to this integral is at most M by (6.1); that of κ2 is at most κ2S2 ∫∞

0 te−2t dt,
using t = A − z. Thus ψ(x)/ψ(A) ≥ cx/A. The integral bound is unchanged under x 7→ A − x,
giving the other ordering of the boundary values.

For the outward passage integrate against sin(πT/3) on [0, 3]. This cutoff is positive on the ob-
served times and its second derivative is a multiple of itself. Writing m(s) =

∫ 3
0 sin(πT/3)H(T, s) dT ,

two integrations by parts give∫ 3

0
sin(πT/3) ∂2

TH(T, s) dT = −(π/3)2m(s) + (π/3)
(
H(0, s) +H(3, s)

)
.

It follows that m′′ + s−1m′ ≤ (V + π2/9)m. Since m(3) ≥ 0, the maximum principle and the radial
estimate with S = 3 give m(s) ≥ cm(b) log(3/s)/D. In particular,∫ 3

0

∫
3/4≤|τ |≤5/4

H(T, |τ |) dτ dT ≥ cm(b)/D. (6.3)

On the fixed region −2 < T < 4, 1/2 < |τ | < 3/2, we have ∆H ≤ MH. The compact weak
Harnack inequality there gives H(T, 1) ≥ c(M)m(b)/D for |T | ≤ 1. To see the comparison directly,
add a real variable v: the function H(T, |τ |) cos(

√
M + 1 v) is nonnegative and superharmonic

22



on a fixed slab about v = 0. The mean inequality on the four-dimensional ball of radius 2ρ at
(x, 0), integrated over |v| < ρ, gives on the three-dimensional ball of radius ρ about x = (T, τ) the
bound H(x) ≥ cρ−3 ∫

Bρ(x)H for one small radius ρ throughout a neighborhood of the compact
connected band [−1, 3] × {3/4 ≤ |τ | ≤ 5/4}; here H(x) = H(T, |τ |). Cover the band by finitely
many balls of radius ρ/4. If two such balls B,B′ overlap, then B′ ⊂ Bρ(x) for every x ∈ B, so
infBH ≥ cρ−3 ∫

B′ H. A finite chain gives the stated lower bound from (6.3).
For the return passage take the radial solution with S = 1, κ = π/2, u(b) = 0 and u(1) = 1.

On |T | < 1, b < |τ | < 1, the function c(M)m(b)D−1 cos(πT/2)u(|τ |) solves (−∆T,τ + V )w = 0. It
vanishes on |T | = 1 and |τ | = b, and the preceding lower bound puts it below H on |τ | = 1. The
maximum principle and the radial estimate for u(r) therefore give

H(0, r) ≥ c(M)m(b)
D

log(r/b)
log(1/b) (b ≤ r ≤ 1).

This proves (6.2), since sin(πT/3) is bounded below on [1, 2].

Remark 6.2. The dependence on r and b in Lemma 6.1 is sharp for scalar supersolutions, even
when V = 0. Start with (1 − cosT )p(s), where p(s) = log(3/s)/D is the radial harmonic function
with boundary values 1, 0. To cancel the positive part of its Laplacian without changing those
boundary values, put g(s) = s2(1 + log(3/s))/(4D). The radial harmonic interpolant L(s) =
p(s)g(b)+(1−p(s))g(3) lies above g, since ∆τg = p ≥ 0. Thus E(T, s) = (1−cosT )p(s)+L(s)−g(s)
is bounded and nonnegative, with ∆T,τE = (cosT − 1)p ≤ 0. Its trace at s = b is 1 − cosT , and
since g is increasing we have

E(0, r) ≤ (1 − p(r))g(3) = 9
4

log(r/b)
D2 .

A fixed positive r would cost one logarithm. The data control r = 2b, where a sharper estimate
requires more information about the wave energy.

Proposition 6.3. On the spatial torus Tn = Rn/(100Z)n, let f have Fourier support in c0/h ≤
|ξ| ≤ C0/h, 0 < h ≤ 1, and in one cap of the fixed aperture from Proposition 5.1. Then(∫ 2

1
∥U(T )f∥pc

Lpc (Tn) dT

)1/pc

≤ C [log(2/h)]2/pc∥f∥Lpc (Tn). (6.4)

The constant is uniform in h and in the direction of the cap.

Proof. For f ̸= 0, first normalize ∥f∥L2(Tn) = 1. Fix the constant K in Proposition 5.1, put a = Kh
and b = 2a, and take h small enough that b < 1/4. Apply Lemma 6.1 to the energy of that
proposition with V (s) = Cs−2e−cs/h. Its first bound in (6.1) follows from∫ 3

b
s log(s/b)V (s) ds ≤ C

∫ ∞

1

log t
t
e−2cKt dt,

and V is uniformly bounded when 1/2 ≤ s ≤ 3/2. The two energy bounds in Proposition 5.1 are
uniform on their respective circles, so its circular mean satisfies

H(0, 2b) ≤ CKa
2∥f∥pc

pc , H(T, b) ≥ cKa
2∥U(T )f∥pc

pc .

Take r = 2b in (6.2), substitute both bounds, cancel a2, and take pc-th roots. Since D =
log(3/(2Kh)) ≲ log(2/h) and K is fixed, this gives (6.4). Homogeneity removes the normalization
after this comparison. For the remaining h the torus frequencies lie in a fixed ball, where the
estimate follows by a finite Fourier sum.
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7 Passage to Euclidean space and Sobolev estimates
The aperture in Proposition 6.3 is fixed. A finite partition of the sphere therefore gives the critical
estimate on the whole annulus without increasing its logarithmic power. We first remove the spatial
period and then account for the cost of summing annuli.

7.1 Removing the period

Proof of Theorem 1.2. Write h = N−1 and Ph = φ(hD), with φ supported in a fixed compact
annulus. Choose a smooth finite partition φ =

∑
ν φν subordinate to the admissible caps. The

Euclidean kernel of φν(hD) is h−nφ̌ν(·/h), and periodization does not increase its L1 norm. Apply
Proposition 6.3 to φν(hD)f on the same torus for every ν, and sum. This gives

∥U(T )Phf∥Lpc (I×Tn) ≲ [log(2/h)]2/pc∥f∥Lpc (Tn), 0 < h ≤ 1. (7.1)

The Euclidean convolution kernel of U(T )Ph is

Kh(T,X) = (2πh)−n
∫
ei(X·η−T |η|)/hφ(η) dη.

For T ∈ I and |X| ≥ 3 the gradient of the phase before division by h has length at least |X| − 2 ≥
|X|/3. Integration by parts in the gradient direction gains h/|X| each time: the amplitude is
supported away from zero and all phase derivatives of order at least two are bounded there. Using
at least M + n integrations gives

|Kh(T,X)| ≤ CMh
M (1 + |X|)−M , T ∈ I, |X| ≥ 3. (7.2)

Tile Rn by unit cubes Q, and write 10Q for the concentric cube of side ten. On Q the contribution
of f1(10Q)c is bounded pointwise by CMhM ((1 + | · |)−M ∗ |f |)(X), since |X − Y | ≥ 9/2 for X ∈ Q
and Y /∈ 10Q. This single function bounds the far contributions on every cube. For M > n, its
Lpc(I × Rn) norm is O(hM )∥f∥pc by Young’s inequality.

Translate the center of Q to the origin and periodize fQ = f110Q on the torus of side 100. Its
torus norm is ∥f∥Lpc (10Q). The periodic wave kernel is the periodization of Kh. On Q, its nonzero
translates see only arguments X − Y + 100k with Y ∈ 10Q and k ∈ Zn \ {0}. Since |Xj − Yj | ≤ 5.5,
these arguments have length at least 94.5|k|. Summing (7.2) over k bounds the difference between
the two outputs there by CMhM∥fQ∥1. As 10Q has fixed volume, (7.1) now gives

∥U(T )PhfQ∥Lpc (I×Q) ≲ [log(2/h)]2/pc∥f∥Lpc (10Q).

Take the pc-th powers and sum over Q. The cubes 10Q have bounded overlap. Combining this sum
with the far contributions gives the asserted Euclidean estimate, since log(2/h) ≍ log(2 +N) for
N ≥ 2.

7.2 Interpolation and summation

Plancherel bounds the norm of U(T )Ph from L2
X to L2

T,X by ∥φ∥∞, since |I| = 1. At p = ∞ its
norm is O(h−d/2). To see this, partition the annulus into O(h−d/2) caps of aperture c

√
h with

bounded overlap. In coordinates η = (
√
h z, ρ) about the axis of a cap, its cutoff is supported in a

fixed compact set with ρ bounded below and has uniformly bounded derivatives. Such cutoffs are
obtained by dividing rescaled angular bumps by their sum; the overlapping centers have bounded
offsets in these coordinates. Removing the linear phase Tρ/h leaves

T

h

(√
ρ2 + h|z|2 − ρ

)
= T |z|2√

ρ2 + h|z|2 + ρ
.
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The expression on the right has uniformly bounded derivatives on the support. Integration by parts
thus bounds the L1 norm of each rescaled kernel by a constant. The affine change of frequencies
and the spatial translation from the linear phase preserve that norm. Summing over the caps gives
the claimed bound.

Set s+(p) = max{0, d/2 − n/p} and β(p) = min{d(1 − 2/p), 2/p}. Interpolating Theorem 1.2
with the two bounds above gives

∥U(T )Phf∥Lp(I×Rn) ≲p h
−s+(p)[log(2/h)]β(p)∥f∥Lp(Rn), 2 ≤ p ≤ ∞. (7.3)

Indeed, above pc the power of h−1 is (d/2)(1−pc/p) = d/2−n/p. We use Riesz–Thorin interpolation
here and the spatial Littlewood–Paley and Mihlin theorems below; see [32, Chapters 1 and 6].

Proof of Theorem 1.1. The gain of an arbitrary ε > 0 now allows an absolute sum over dyadic annuli.
Indeed, set g = Js+(p)+εf . At frequency 2j , j ≥ 1, (7.3) bounds the output by C2−jε(1 + j)β(p)∥g∥p:
a smooth enlargement of the annulus times 2j(s+(p)+ε)J−s+(p)−ε has uniformly integrable kernel.
The coefficients are summable. On the remaining low frequencies the cutoff times e−iT |ξ| obeys
uniform Mihlin bounds for T ∈ I. At p = 2 use Plancherel without any loss.

The same summation can be made more precise if one wants an estimate at the exact power
s+(p).

Corollary 7.1 (Logarithmic Sobolev estimate). Let 2 < p < ∞, δp = 1/2 − 1/p, and B∗(p) =
β(p) + δp. Write J = (1 − ∆)1/2, ℓ1(r) = log(2 + r) and ℓ2(r) = log(2 + ℓ1(r)). Then

∥U(T )f∥Lp(I×Rn) ≲p,B,C ∥Js+(p)ℓ1(J)Bℓ2(J)Cf∥Lp(Rn) (7.4)

whenever B > B∗(p) and C ∈ R, or B = B∗(p) and C > δp. At p = pc, B∗(pc) = 1/2 + 1/pc and
δpc = 1/(2n). At p = 2 no logarithmic factor is needed.

Proof of Corollary 7.1. Let Pj be the projections of a smooth dyadic partition of the high frequencies,
|ξ| ≍ 2j , j ≥ 1, and P̃j an enlarged cutoff equal to one on the support of the symbol of Pj . Write
s = s+(p) and g = Jsℓ1(J)Bℓ2(J)Cf . On the j-th annulus put

Aj = 2js(1 + j)B[log(2 + j)]C P̃jJ−sℓ1(J)−Bℓ2(J)−C .

If aj is the symbol of Aj , then the functions aj(2jη) have common compact annular support and
uniformly bounded derivatives. Bounded overlap of the original annuli therefore gives uniform
Mihlin bounds for all signed sums of the Aj . Randomizing these signs and using Khintchine’s
inequality gives, for p ≥ 2,(∑

j

∥Ajg∥pp
)1/p

≤
∥∥∥(∑

j

|Ajg|2
)1/2∥∥∥

p
≲p ∥g∥p.

The waves uj(T ) = U(T )Pjf retain their spatial frequency supports. The reverse Littlewood–
Paley inequality at each T , followed by the triangle inequality in Lp/2(I × Rn), gives∥∥∥∑

j

uj
∥∥∥
Lp

T,X

≲p

(∑
j

∥uj∥2
Lp

T,X

)1/2
.

By (7.3), the j-th norm on the right is at most Cwj∥Ajg∥p, where wj = (1 + j)β(p)−B [log(2 + j)]−C .
With 1/r = δp, Hölder’s inequality bounds this sequence in ℓ2 by ∥w∥ℓr (

∑
j ∥Ajg∥pp)1/p. The weight
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belongs to ℓr when B > B∗(p). At B = B∗(p) it belongs to ℓr precisely when
∑
j≥2 j

−1(log j)−Cr <
∞, that is, C > δp.

For the remaining low-frequency cutoff χ0, the symbol e−iT |ξ|χ0(ξ) obeys the Mihlin derivative
bounds uniformly in T ∈ I away from ξ = 0. The same holds after multiplication by the inverse of
the Sobolev and logarithmic weights, which are smooth and positive near zero. This proves (7.4),
first for finite frequency sums and then by density. At p = 2 use conservation of the L2 norm.

The condition on B and C records the cost of this frequency summation. It need not be optimal
for the wave operator: for n ≥ 4 and p > 2 + 4/(n− 3), Heo, Nazarov and Seeger proved (7.4) with
B = C = 0 [37, Theorem 1.2].

8 Two obstructions to endpoint smoothing
A spherical wave that focuses at one time determines the necessary Sobolev order. At the critical
exponent the wave spends comparable Lpc mass on every dyadic scale between wavelength and unit
distance from the focus. We use the radial test of Beltran, Roos, Rutar and Seeger [9, Section 3],
keeping the contributions from all these scales.

Proposition 8.1 (Radial focusing). Let n ≥ 2, d = n − 1, and I = [1, 2]. For every sufficiently
large N there is a nonzero radial Schwartz function fN , with supp f̂N ⊂ {5N/4 < |ξ| < 7N/4}, such
that

∥U(t)fN∥Lp(Rn×I)
∥fN∥Lp(Rn)

≳n,p


1, 2 ≤ p < pc,

(logN)1/pc , p = pc,

Nd/2−n/p, pc < p < ∞.

(8.1)

Proof. Fix t0 = 3/2, take a nonzero nonnegative ψ ∈ C∞
c ((5/4, 7/4)), and set f̂N (ξ) = eit0|ξ|ψ(|ξ|/N).

Plancherel gives ∥fN∥2 ≍ Nn/2. To bound fN pointwise, write ξ = Nσω in its inverse Fourier
transform. If |x| < t0/2, then t0 + x · ω ≥ t0/2 and integration by parts in σ gives Om(Nn−m) for
every integer m ≥ 0. If |x| ≥ t0/2, the Fourier transform of surface measure on the unit sphere is
O((1 +Nσ|x|)−d/2). Thus ∥fN∥∞ ≲ N (n+1)/2, and

∥fN∥p ≤ ∥fN∥2/p
2 ∥fN∥1−2/p

∞ ≲ N (n+1)/2−1/p (2 ≤ p < ∞). (8.2)

The wave at t = t0 + u has phase x · ξ − u|ξ|. Put r = |x| and F (v) =
∫
σd/2ψ(σ)eivσ dσ. The

two stationary points on the sphere give, uniformly for Nr ≥ 1,

U(t0 + u)fN (x) = cnN
(n+1)/2r−d/2

[
e−iπd/4F

(
N(r − u)

)
+ eiπd/4F

(
−N(r + u)

)
+O

(
(Nr)−1)], (8.3)

where cn > 0. Indeed the leading terms of the angular integral have phases ±Nσr and amplitudes
(2π)d/2(Nσr)−d/2e∓iπd/4; the remainder is O((Nσr)−d/2−1) [74, Chapter VIII]. Since F (0) > 0 and
F is Schwartz, there are fixed η > 0 small and A large such that on the outgoing shell

A/N ≤ u ≤ 1/4, |r − u| ≤ η/N,

the first term in brackets is bounded below in modulus and dominates the other term and the error.
The shell has spatial volume ≍ N−1ud. Consequently (8.2) gives

∥U(t)fN∥pLp(Rn×I)
∥fN∥pp

≳
∫ 1/4

A/N
ud−dp/2 du.

The exponent of u is −1 precisely for p = pc; evaluating the integral gives all three cases of (8.1).
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On this annulus Js = (1 − ∆)s/2 has operator norm Os(N s) on the data, for every real s:
after dilation and division by N s, a slightly enlarged smooth annular cutoff gives a multiplier with
uniformly integrable kernel. The same argument applies to [log(2 + J)]β , with bound Oβ((logN)β).
Thus a Sobolev estimate requires s ≥ max{0, d/2 − n/p}, and at pc a logarithmic estimate requires
β ≥ 1/pc. The functions fN are radial, so the same lower power applies to Theorem B.1 with
angular derivatives on the input.

For general data, a second example concentrates a fixed amount of L2 mass on a spacetime set
of small measure. Even the weak spacetime norm detects this concentration.

Proposition 8.2 (Weak spacetime obstruction). For 2 < p ≤ pc and every sufficiently large N ,
there is a nonzero Schwartz function gN with supp ĝN ⊂ {5N/4 < |ξ| < 7N/4} such that

∥U(t)gN∥Lp,∞(Rn×I)
∥gN∥Lp(Rn)

≳n,p (logN)d(1/2−1/p). (8.4)

The exponent in (8.4) equals 1/pc at pc and is positive for every 2 < p < pc. In particular
Sobolev order zero fails throughout 2 < p ≤ pc. Both lower bounds apply to PN in Theorem 1.2
whenever φ(η) = 1 for 5/4 ≤ |η| ≤ 7/4. If the strong critical upper bound held with power 1/pc
for all data, interpolation with the L2 energy bound would give exactly the exponent in (8.4) for
2 < p < pc. Appendix C proves Proposition 8.2 by transporting disjoint packets into overlapping
tubes.

9 Spherical extension and Kakeya tubes
Write d = n − 1, p = pc = 2n/d, and L(R) = log(2 + R). We keep the logarithmic power A in
the wave estimate as a parameter. To see what happens to it in restriction, we take an incoming
spherical wave whose amplitude varies with direction. Near its focus the radial oscillation cancels,
leaving the extension of that amplitude from the unit sphere.

For g on Sn−1 write Eg(X) =
∫
Sn−1 eiX·ωg(ω) dσ(ω). Let Kδf(ω) be the supremum of the

averages of |f | over unit tubes of radius δ parallel to ω.

Corollary 9.1 (Spherical extension and Kakeya). For n ≥ 2, R ≥ 2, z ∈ Rn, and 0 < δ ≤ 1,

∥Eg∥Lpc (B(z,R)) ≤ Cn[log(2 +R)]2/pc∥g∥Lpc (Sn−1),

∥Kδf∥Ln(Sn−1) ≤ Cn[log(2/δ)]4/pc∥f∥Ln(Rn).

Every subset of Rn containing a unit line segment in each direction has Hausdorff dimension n.

A wave estimate with logarithmic power A gives the same power for spherical extension and
power 2A for the Kakeya maximal operator. The radial example after the proof shows that the
latter power must be at least 1 − 1/n. Thus an unrestricted wave estimate with power 1/pc would
give the sharp Kakeya maximal logarithm.

In the plane, Hörmander’s estimate gives the sharp logarithmic power 1/4 for local circle
extension: take the output exponent q = 4 + 1/ logR in [38, Corollary 1.3] and apply Hölder’s
inequality on the observation ball and on the circle. Constant density forces this power by stationary
phase. The planar directional Kakeya maximal bound has sharp power 1/2 [13, Equation (1.5)]; see
also Córdoba’s theorem for rectangles [19]. Davies proved full Hausdorff dimension in the plane
[21], and Wang and Zahl proved it in three dimensions [77, Theorem 1.1]; see also [36]. A separate
three-dimensional maximal estimate with δ−ε loss and a four-dimensional Hausdorff dimension
theorem appear in [63, Theorem 1.1] and [62, Theorem 1.1], respectively. Here the implication from
a wave estimate to a fixed logarithmic maximal estimate works in every dimension.
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Lemma 9.2. Suppose (1.2) holds with L(N)A for some A ≥ 0, for a smooth radial cutoff χ(|ξ|/N)
with χ supported in (1/2, 2) and equal to one near 1. For R ≥ 2, z ∈ Rn, and g ∈ Lp(Sn−1), the
spherical extension Eg(X) =

∫
Sn−1 eiX·ωg(ω) dσ(ω) satisfies

∥Eg∥Lp(B(z,R)) ≲ L(R)A∥g∥Lp(Sn−1). (9.1)

Proof. Choose a nonnegative nonzero ψ ∈ C∞
c ((1, 2)). Modulation in time selects a frequency shell

of width of order one:

MNf =
∫
ψ(T )eiNTU(T )χ(|D|/N)f dT, ∥MNf∥p ≲ L(N)A∥f∥p

by Hölder in T . For 1/2 ≤ |Z| ≤ 3 its convolution kernel is

KN (Z) = cnN
d/2|Z|−d/2eiN |Z|ψ(|Z|) +O(Nd/2−1), cn ̸= 0. (9.2)

Indeed, the radial multiplier is χ(ρ/N)ψ̂(ρ − N). In polar coordinates the angular integral at
u = ρ|Z| is ∫

Sn−1
eiuω1 dσ(ω) = u−d/2(c+e

iu + c−e
−iu) +O(u−d/2−1), c+c− ̸= 0,

by stationary phase at the two poles. After radial integration the remainder is O(Nd/2−1). In the
leading terms one can replace χ(ρ/N)ρd/2 by Nd/2 with the same error: the prefactor, extended
by zero, has derivative O(Nd/2−1) and

∫
|sψ̂(s)| ds < ∞. Fourier inversion gives ψ(±|Z|); only the

positive argument contributes.
We linearize the distance phase at the focus, as in Hörmander’s passage from oscillatory integrals

to extension [38, §3, (3.8)–(3.9)]; compare Tao’s deduction of local restriction from Bochner–Riesz
estimates [75, proof of Theorem 1.1]. Take fN (rω) = e−iNrψ(r)g(ω), so that ∥fN∥p = Cψ∥g∥p. For
|X| ≤ R and N ≥ 4R,

N |rω −X/N | = Nr −X · ω +O(R2/N) (r ∈ suppψ).

Substitute this expansion in (9.2) and integrate in r, ω. The amplitude changes by O(R/N), and
the radial phases cancel:

N−d/2MNfN (X/N) = c′Eg(−X) +O
(
(1 +R2)N−1∥g∥1

)
, c′ = cn

∫
rd/2ψ(r)2 dr ̸= 0.

Choose N = (4 +R)3+n/p. The error has Lp(B(0, R)) norm at most C∥g∥p. On the left the change
of variables costs Nn/p−d/2 = 1, and L(N) ≲n L(R). This proves (9.1) at z = 0. Replacing g(ω) by
eiz·ωg(ω) gives every center.

9.1 Global extension from the sphere and the truncated cone

Lemma 9.2 gives global estimates at strictly larger output exponents. For this step any fixed power
of the logarithm suffices; the tube argument in the next subsection will retain that power. Write
E for extension from Sn−1. For the truncated cone Σ = {(ρω, ρ) : 1 ≤ ρ ≤ 2, ω ∈ Sn−1}, let
EΣG(x, t) =

∫
Σ e

i(x·ξ+tτ)G(ξ, τ) dΣ(ξ, τ), with induced surface measure.

Corollary 9.3 (Global Fourier extension). Let 1 < a ≤ ∞ and b < ∞. If

b > pc, b >
n+ 1
n− 1a

′,
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then

∥Eg∥Lb(Rn) ≲n,a,b ∥g∥La(Sn−1), (9.3)
∥EΣG∥Lb(Rn+1) ≲n,a,b ∥G∥La(Σ). (9.4)

These are strong estimates, including when a = ∞. For b = ∞ both estimates hold for every
1 ≤ a ≤ ∞.

The two strict inequalities give the interior of the conjectured range for these compact surfaces
[61, Conjecture 1.1(i)]. The three-dimensional sphere estimate in [64, §§9.1–9.2] gives this range for
S2 and, by randomizing caps, an L3 Kakeya maximal bound with loss δ−ε.

Proof. The local spherical estimate in Lemma 9.2, with A = 2/pc by Theorem 1.2, costs Oε(Rε) for
every ε > 0. By duality it bounds restriction of functions supported in B(0, R) from Lp

′
c(Rn) to

Lp
′
c(Sn−1) with that loss. Since 1 < p′

c < 2, Tao’s epsilon-removal theorem [75, Theorem 1.2] gives
global diagonal restriction at every 1 < u < p′

c. Dualizing gives E : Ls → Ls for every pc < s < ∞.
If a ≥ b, take s = b and use the finite measure of the sphere. If a < b, put s = 1 + b/a′; then

pc < s < b, since pc = 1 + (n+ 1)/(n− 1). Interpolating E : L1 → L∞ with E : Ls → Ls at θ = s/b
gives (9.3): θ/s = 1/b and 1 − θ + θ/s = 1/a.

For the cone use Nicola’s slicing argument [61, Theorem 1.2(a)(i)]. Write Gρ(ω) = G(ρω, ρ).
Since dΣ =

√
2 ρn−1 dρ dσ,

EΣG(x, t) =
√

2
∫ 2

1
eitρρn−1E(Gρ)(ρx) dρ.

Hausdorff–Young in t, Minkowski’s inequality (b ≥ b′), and spatial dilation give

∥EΣG∥Lb
x,t

≲
(∫ 2

1
[ρn−1−n/b∥E(Gρ)∥Lb

x
]b′ dρ

)1/b′

≲
∥∥∥ ∥Gρ∥La(Sn−1)

∥∥∥
Lb′

ρ ([1,2])
.

Hölder’s inequality gives (9.4) because b > a′ implies a > b′. For b = ∞ the defining integrals are
bounded by the L1 norms on the two compact surfaces.

9.2 From caps to tubes

Let Tδ(ω, x) be the open δ-neighborhood of x+ [−1/2, 1/2]ω. Its volume is comparable to δd for
0 < δ ≤ 1. Thus Kδf(ω) is the supremum over x of |Tδ(ω, x)|−1 ∫

Tδ(ω,x) |f |. These averages are
continuous in the center and direction for f ∈ Ln, by continuity of translations and rotations of the
tube indicator in Ln/(n−1); in particular the supremum is measurable.

A cap of radius δ produces a wave of roughly constant modulus on a tube of length δ−2 and
radius δ−1. The restriction argument of Beckner, Carbery, Semmes and Soria [7] and Bourgain [13]
puts independent signs on disjoint caps. The expected squared modulus of the sum is then the sum
of the squared moduli. This accounts for the factor of two in the logarithmic exponent.

Lemma 9.4. Assume (9.1) and set q = p/2 = n/(n− 1). Let 0 < δ ≤ 1/2, let the ωj be δ-separated
on Sn−1, and choose xj ∈ Rn arbitrarily. Then for Tj = T2δ(ωj , xj) and aj ≥ 0,

∥∥∥∑
j

aj1Tj

∥∥∥
Lq(Rn)

≲ L(1/δ)2A
(
δd
∑
j

aqj

)1/q
. (9.5)
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Proof. Take the disjoint caps Cj = {|ω − ωj | < cδ} for a small fixed c > 0, and put hj(ω) =
e−iδ−2xj ·ω1Cj (ω). For Y ∈ Tj , write Y − xj = tωj + v with |t| ≤ 1/2, |v| < 2δ. Since ωj · (ω − ωj) =
−|ω − ωj |2/2, the phase in Ehj(δ−2Y ) differs from its value at ωj by at most c2/4 + 2c. Thus
|Ehj(δ−2Y )| ≳ σ(Cj) ≍ δd on Tj .

Group the centers by the unit lattice cubes Q, with JQ = {j : xj ∈ Q} (use half-open cubes).
The tubes in this group lie in the concentric cube 5Q, so their dilates all lie in a ball of radius
Cnδ

−2. For independent random signs εj set gε =
∑
j∈JQ

εja
1/2
j hj . Disjointness of the caps

gives ∥gε∥pp ≲ δd
∑
j∈JQ

aqj . At each point Jensen’s inequality gives E|Egε|p ≥ (
∑
j∈JQ

aj |Ehj |2)q.
Integrate on δ−2(5Q), change variables back to Y , and apply (9.1) on the enclosing ball:

δdp−2n
∫

5Q

( ∑
j∈JQ

aj1Tj

)q
≲ L(1/δ)Ap δd

∑
j∈JQ

aqj .

The prefactor is one because dp = 2n. The cubes 5Q have bounded overlap, so the q-th power of
the norm on the left of (9.5) is bounded by a constant times the sum of these integrals. Taking the
q-th root gives Ap/q = 2A.

9.3 The maximal estimate and Hausdorff dimension

Proof of Corollary 9.1. Theorem 1.2 gives A = 2/p in Lemma 9.2. We keep A in the next steps to
record the dependence on the wave estimate. For 0 < δ ≤ 1/2 choose a maximal δ-separated set
{ωj}. If |ω − ωj | ≤ δ, then Tδ(ω, x) ⊂ T2δ(ωj , x). Hence

∥Kδf∥Ln(Sn−1) ≲
(
δd
∑
j

K2δf(ωj)n
)1/n

.

To bound this discrete norm, test by aj ≥ 0 with δd
∑
j a

q
j = 1. For any choice of the centers,

δd
∑
j

aj
|Tj |

∫
Tj

|f | ≲
∫

|f |
∑
j

aj1Tj ≲ L(1/δ)2A∥f∥n

by Lemma 9.4 and Hölder. Taking suprema over the centers and then the weights proves the
maximal estimate. For δ ∈ [1/2, 1] it follows from Hölder on each tube.

Suppose F contains a unit segment in every direction. Its open δ-neighborhood Fδ contains the
entire tube around each such segment. Consequently

|Fδ| ≳ L(1/δ)−2An = L(1/δ)−2(n−1) (A = 2/p). (9.6)

For bounded sets this already gives full lower and upper Minkowski dimension. To obtain Hausdorff
dimension we have to allow balls of different sizes in the same cover. In fact the logarithmic rate
gives infinite Hausdorff measure for every gauge

hγ(r) = rn[log(1/r)]2An[log log(1/r)]γ , γ > n− 1 (r small).

Since hγ(2r) ≲ hγ(r), it suffices to use ball covers. Consider an open ball cover {Bj} of F with
radii rj ≤ e−2m . Group the radii by Jk = {j : 2k ≤ log(1/rj) < 2k+1} as in the planar argument
of Keich [44, Claim 3.2]. Put δk = e−2k+1 , Gk =

⋃
j∈Jk

2Bj and vk =
∑
j∈Jk

rnj . On a segment in
direction ω, the length covered by group k is at most CKδk

1Gk
(ω). Indeed, at each covered point

the transverse disk of radius δk lies in a doubled ball, and disks at different points give disjoint cross
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sections of the tube. Summing lengths therefore gives 1 ≲
∑
k≥mKδk

1Gk
(ω) in every direction. The

maximal estimate and Hölder in k yield

1 ≲
∑
k≥m

22Akv
1/n
k ≲

(∑
j

hγ(rj)
)1/n( ∑

k≥m
k−γ/(n−1)

)(n−1)/n
.

The last factor tends to zero. Thus the Hausdorff measure for this gauge is infinite, and hγ(r) = o(rs)
for every s < n gives dimH F = n. In the plane the same calculation with the classical L2 maximal
power 1/2 cited above gives infinite Hausdorff measure for r2 log(1/r)[log log(1/r)]γ whenever γ > 1.
The same covering argument works if a segment in each of a positive measure set of directions meets
F in length at least a fixed λ > 0.

The radial test fδ(X) = |X|−11{2δ<|X|<1/2} shows the scale of a possible improvement. Its Ln

norm is comparable to [log(1/δ)]1/n for small δ, but the average on a tube centered at the origin
in any direction is at least c

∫ 1/4
4δ t−1 dt. Hence the maximal logarithm must have power at least

1 − 1/n = 2/p. A wave estimate with the sharp power A = 1/p for arbitrary data would attain
this bound and give |Fδ| ≳ L(1/δ)−(n−1). There are compact Kakeya sets satisfying the opposite
inequality, by Fernández-Delgado and de la Salle [24, Theorem 1.3].

9.4 Two consequences for other families of segments

For the Nikodym maximal function Nδf(x), take the supremum of the same tube averages over all
unit segments through x. The estimate just proved gives

∥Nδf∥Ln(Rn) ≲ L(1/δ)2A∥f∥Ln(Rn). (9.7)

We give the projective argument to keep track of the logarithm; compare Tao [75, Theorem 4.10]
and Gao–Liu–Xi [30, §2.2]. First consider only the ρ-neighborhoods of the segments {x+uω : 1/2 ≤
u ≤ 1}, and denote the supremum of their averages by Dρf(x). By finitely many rotations we can
restrict to |ωn| ≥ cn. Place x = (x′, t0) in a unit cube Q centered at zero and fix t0. For ρ small, on
each such tube cn/4 ≤ |s− t0| ≤ 2 and |y′| ≤ Cn. On either sign of s− t0, the map

(y′, s) 7−→ (Y ′, Yn) =
(
y′/(s− t0), 1/(s− t0)

)
and its inverse are uniformly Lipschitz there. It sends the line y′ = x′ + (s− t0)v to Y ′ = v + Ynx

′,
so the direction (x′, 1)/|(x′, 1)| is independent of v. The image tube is covered by a bounded
number of unit tubes of width Cnρ in that direction. For each sign, transport f restricted to
5Q ∩ {cn/4 ≤ ±(s− t0) ≤ 2} by this map and extend by zero; this is a single input for all x′ in the
slice. Its Ln norm is at most C∥f∥Ln(5Q) by the Jacobian bounds. The map from x′ to directions
has area Jacobian bounded below. Applying the Kakeya estimate in each slice, integrating in t0,
then translating and summing over cubes, gives ∥Dρf∥n ≲ L(1/ρ)2A∥f∥n. For ρ bounded below the
same estimate follows by averaging over a fixed ball about x.

Return to an arbitrary segment through x. Separate the part within O(δ) of x, then divide
each of the two rays into distances s/2 ≤ u ≤ s for dyadic δ ≤ s ≤ 1. Relative to the full
tube volume, the innermost ball has weight O(δ), and a piece at distance s has weight O(s). By
dilation the latter’s maximal average has the norm of Dδ/s. Thus the operator norm is bounded
by Cδ + C

∑
s

sL(s/δ)2A ≲ L(1/δ)2A, proving (9.7). The transverse disk proof above now applies

to any Borel set meeting a suitable unit segment through each point of a positive measure set in
length at least λ > 0. Such a set has Hausdorff dimension n. The Nikodym maximal estimate and
this dimension conclusion hold locally on a manifold of constant sectional curvature for geodesic
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segments of fixed short length in a compact subset of a straightening chart: there lengths, tube
widths and volumes are comparable before and after straightening [30, Proposition 2.3].

For a different application, fix n ≥ 3 and a real d×d matrix B. Consider compact sets containing
for every y ∈ [−1, 1]d one curve

{(w(y) + (tId + t2B)y, t) : |t| ≤ τB},

where τB > 0 is fixed sufficiently small and w(y) belongs to the fixed sufficiently large compact
ball of [59, Equation (1.16)]. Nadjimzadah’s lifting theorem [59, Theorem 1.3] now applies, since
Corollary 9.1 gives full Kakeya dimension in n+ rank(B2) dimensions. The minimum Hausdorff
dimension in this curve family is attained and is

n− rankB + rank(B2) = n− dim(imB ∩ kerB);

the last equality is rank–nullity for B on its image.

10 Bochner–Riesz means
The Bochner–Riesz mean Bα

r f has Fourier multiplier (1 − |ξ|2/r2)α+; write Bα
∗ f = supr>0 |Bα

r f |.
Local smoothing controls these means because a smooth cutoff to a shell of relative width δ can
be written as an average of waves for times of order δ−1. Sogge observed the implication for a
single radius [72, Equations (4.5)–(4.6)]; Beltran, Hickman and Sogge give both the fixed-radius and
maximal reductions [8, Propositions 39 and 40]. In the range p ≥ 2, almost everywhere convergence
at the strict orders below was proved by Carbery, Rubio de Francia and Vega [17].
Theorem 10.1 (Bochner–Riesz means). Let n ≥ 2, 1 ≤ p ≤ ∞, and put δ(p) = max{0, n|1/p −
1/2| − 1/2}. If α > δ(p), then

sup
r>0

∥Bα
r f∥Lp(Rn) ≤ Cn,p,α∥f∥Lp(Rn). (10.1)

In this range Bα
r f → f in Lp as r → ∞ if p < ∞. If 2 ≤ p < ∞ and α > s+(p), then

∥Bα
∗ f∥Lp(Rn) ≤ Cn,p,α∥f∥Lp(Rn), (10.2)

and Bα
r f → f almost everywhere as r → ∞.

Here and in the square function estimate of Section 11, the strict inequality on the order of the
means leaves room for a small Sobolev loss. We rescale Theorem 1.1 to a unit frequency annulus
and a long time interval. For 2 ≤ p < ∞, σ > s+(p) = max{0, (n− 1)/2 − n/p}, and ĝ supported in
a fixed annulus c ≤ |ξ| ≤ C,

∥U(t)g∥Lp(Rn×{R≤|t|≤2R}) ≲c,C,n,p,σ R
1/p+σ∥g∥p, R ≥ 1. (10.3)

Indeed g(R ·) has frequencies of order R and U(t)[g(R ·)](x) = (U(Rt)g)(Rx). Changing variables
in space and time contributes R(n+1)/p, while the input norm contributes R−n/p and the Sobolev
multiplier on that annulus costs O(Rσ). Conjugation gives the estimate for negative times. For
|t| ≤ 1 the unit annular wave multiplier has a uniformly integrable kernel.
Lemma 10.2 (Maximal estimate for a thin shell). For 0 < δ ≤ 1/8 and ψ ∈ C∞

c ((1/2, 2)), set

Aδ,rf = ψ
(
(1 − |D|/r)/δ

)
f.

For 2 ≤ p < ∞ and σ > s+(p), ∥∥∥∥sup
r>0

|Aδ,rf |
∥∥∥∥
p

≲ δ−σ∥f∥p.

The constant is uniform for ψ in bounded subsets of C∞
c ((1/2, 2)).
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Proof. For 1 ≤ r ≤ 2 the shell lies in 1/2 ≤ |ξ| ≤ 2. Choose a smooth annular symbol χ equal to
one there, and write Qk = χ(2−kD). For g = Q0f , Fourier inversion gives

Aδ,rf(x) = δr

2π

∫
R
eitrψ̂(δrt)U(t)g(x) dt.

Taking the supremum over r ∈ [1, 2] bounds this by CMδ
∫

(1 + δ|t|)−M |U(t)g(x)| dt. On a dyadic
interval R ≤ |t| ≤ 2R, Hölder’s inequality in time and (10.3) bound the Lpx norm of this contribution
by

CMδ(1 + δR)−MR1−1/pR1/p+σ∥g∥p.

For M > 1 + σ its sum over dyadic R ≥ 1 is O(δ−σ∥g∥p), by splitting at R = δ−1. The interval
|t| ≤ 1 contributes O(δ∥g∥p).

For r = 2ks, 1 ≤ s ≤ 2, set gk(y) = (Qkf)(2−ky). Then Aδ,rf(2−ky) = Aδ,sgk(y). The factor
2−kn/p in the output norm cancels the factor 2kn/p in ∥gk∥p. Thus the Lp norm of the supremum in
this octave is at most Cδ−σ∥Qkf∥p. The supremum over all octaves is bounded by their pointwise
ℓp norm. Since p ≥ 2, Littlewood–Paley theory gives∑

k∈Z
∥Qkf∥pp

1/p

≤

∥∥∥∥∥∥∥
∑
k∈Z

|Qkf |2
1/2

∥∥∥∥∥∥∥
p

≲ ∥f∥p.

Proof of Theorem 10.1. Take 2 ≤ p < ∞ and choose s+(p) < σ < α. To decompose (1 − ρ2)α+,
choose η ∈ C∞

c ((1/2, 2)) with
∑
j∈Z η(2jv) = 1 for v > 0, and apply the partition to v = 1 − ρ on

0 ≤ ρ < 1. For δ = 2−j ≤ 1/8 the corresponding term is

δαψδ((1 − ρ)/δ), ψδ(u) = η(u)uα(2 − δu)α.

These profiles have uniform smooth seminorms. The remainder is a smooth radial multiplier of
compact support: it vanishes near ρ = 1 and equals (1 − ρ2)α near zero. The supremum of its
dilations is bounded pointwise by a constant times the Hardy–Littlewood maximal function, since
its kernel has a radial decreasing integrable majorant. Lemma 10.2 bounds the other terms in (10.2)
by the convergent sum C

∑
j≥3 2−j(α−σ)∥f∥p.

For 2 ≤ p < ∞, δ(p) = s+(p), so the maximal estimate implies (10.1). Each fixed Bα
r is self-

adjoint on Schwartz functions, and δ(p) = δ(p′); duality proves (10.1) for 1 < p < 2. At p = 1,∞ the
hypothesis is α > (n− 1)/2. The unit-radius kernel is a constant multiple of |x|−n/2−αJn/2+α(|x|),
by radial Fourier inversion. It is bounded at zero and decays as O(|x|−(n+1)/2−α) at infinity. Its
dilates rnK(rx) therefore have a common L1 norm.

For Schwartz functions of compact Fourier support the multipliers converge to one in all
derivatives on the support as r → ∞; hence the means converge in the Schwartz topology. Density
and (10.1) give norm convergence for p < ∞. To see pointwise convergence in the maximal range,
choose such functions fj with

∑
j ∥f − fj∥p < ∞. By (10.2),

∑
j B

α
∗ (fj+1 − fj) is finite almost

everywhere. At every such point r 7→ Bα
r fj(x) converges uniformly on r > 0 to a continuous

representative of the means, agreeing with the Lp extension for each fixed r. Its supremum is
measurable by continuity, and Fatou’s lemma extends (10.2) to f . Since fj(x) → f(x) almost
everywhere, uniform approximation in r gives the asserted almost everywhere limit.

11 Stein’s square function
Stein introduced a square function to study the convergence of Bochner–Riesz means [73, §18,
(18.1)]. For the Euclidean means Bα

r , with multiplier (1 − |ξ|2/r2)α+, it measures the change with
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radius:
Gαf(x) =

(∫ ∞

0
|r∂rBα

r f(x)|2 dr
r

)1/2
.

Carbery proved the sharp bounds in the plane [16, pp. 409–416]. In dimensions n ≥ 3, Lee, Rogers
and Seeger proved them for p ≥ 2 + 4/n [50, Theorem 1.1]. Gan, Jing and Wu reached p ≥ 13/4 in
dimension three [26, Theorem 1.1], and Gan, Oh and Wu further enlarged the range in dimensions
n ≥ 4 [27, Theorem 1.1]. Here the wave estimate (10.3) gives the full range 2 ≤ p < ∞.

Theorem 11.1. Let n ≥ 2 and 2 ≤ p < ∞. If

α > max
{

1
2 , n

(
1
2 − 1

p

)}
,

then ∥Gαf∥p ≤ Cn,p,α∥f∥p for f ∈ S(Rn), and Gα extends to Lp(Rn).

The threshold can be read off from one shell. At distance δ from |ξ| = s, differentiating the
mean gives a factor δα−1. The square norm in s gives back δ1/2, while the wave estimate at times
of order δ−1 costs δ−s+(p)−ε. The resulting powers sum if α > 1/2 + s+(p). We first make this
calculation on 1 ≤ s ≤ 2. We then combine the dyadic intervals of radii inside the square norm,
before taking the spatial Lp norm.

Lemma 11.2 (One interval of radii). Let 2 < p < ∞, ε > 0, σ = s+(p) + ε, and H = L2([1, 2], ds).
Fix A ∈ C∞

c (R × (0,∞)) and φ ∈ C∞
c (R). For 0 < δ ≤ 1, let Tδf(x, s) be the spatial Fourier

multiplier
A(s, |ξ|)φ

(
(s− |ξ|)/δ

)
applied to f . Then

∥Tδf∥Lp
x(H) ≲ δ1/2−σ∥f∥p, ∥Tδf∥L2

x(H) ≲ δ1/2∥f∥2,

with constants independent of δ.

Proof. Temporarily omit A, allow s ∈ R, and denote the resulting operator by Vδ. For g supported
in a fixed compact annulus in frequency, Plancherel in s gives, at each x,

∥Vδg(x, ·)∥2 = (2π)−1/2δ∥φ̂(δt)U(t)g(x)∥L2
t
.

On R ≤ |t| ≤ 2R, R ≥ 1, Hölder in t and the rescaled wave estimate (10.3) give

∥U(t)g∥Lp
xL

2
t
≲ R1/2−1/pR1/p+σ∥g∥p.

On |t| ≤ 1 the annular wave kernels have uniformly bounded L1 norms. For b > 1/2 + σ, summing
over R = 1, 2, 4, . . . now gives

∥Vδg∥Lp
xL2

s(R) ≲ δ

(
1 +

∑
R

R1/2+σ(1 + δR)−b
)

∥g∥p ≲ δ1/2−σ∥g∥p.

To restore A, Fourier invert it in s. The multipliers Â1(η, |D|), where the hat denotes transformation
in the first argument, are supported in a fixed annulus and have Lp operator norms Ob((1+ |η|)−b) for
every b > 0, by smoothness and compact support. Integrating eisηVδ(Â1(η, |D|)f) in η with measure
dη/(2π) proves the first bound. For the second, spatial Plancherel suffices: at each frequency the
multiplier is bounded and is supported on an s-interval of length O(δ).
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To combine the intervals of radii, we use Seeger’s method for passing from bounds on individual
frequency annuli to a multiplier estimate [67, Theorem 1]. Jones, Seeger and Wright stated a square
function version for dilates of annular multipliers [40, p. 6737]; Guo, Roos and Yung proved it [34,
Proposition 4.2 and §7]. Here we allow a different input at each scale and assume decay of the
Hilbert-valued kernel and its first derivative. On each test cube only O(1 + log(1/δ)) scales need
the Lp bound. Hölder over those scales gives the logarithmic power 1/2 − 1/p, which the strict
inequality in Theorem 11.1 absorbs.

Lemma 11.3 (Combining dilates). Let H be a Hilbert space, 2 < p < ∞, 0 < δ ≤ 1, and N = n+ 3.
Suppose K : Rn → H is continuously differentiable and

∥K(x)∥H + ∥∇K(x)∥Hn ≤ C∗δ
−N (1 + |x|)−N .

Write S(k)f = 2nkK(2k·) ∗ f , and let Bq bound the norm of K∗ from Lq to Lq(H), q = 2, p. For
every finite sequence of Schwartz functions fk,∥∥∥∥∥∥

(∑
k

∥S(k)fk∥2
H

)1/2
∥∥∥∥∥∥
p

≲n,p

(
B2 + C∗δ + [1 + log(1/δ)]1/2−1/pBp

) ∥∥∥∥∥∥
(∑

k

|fk|2
)1/2

∥∥∥∥∥∥
p

.

Proof. Put bk = ∥S(k)fk∥H , h = (
∑
k b

2
k)1/2, and W = (

∑
k |fk|2)1/2. Let M denote the Hardy–

Littlewood maximal operator over cubes and L = ⌈(N + 2) log2(2/δ)⌉. On a dyadic cube Q
of side 2−j and center y, the terms with k ≤ j − L are nearly constant. We compare h with
cQ = (

∑
k≤j−L bk(y)2)1/2. For x, z ∈ Q and k ≤ j − L, the derivative bound gives

∥S(k)fk(x) − S(k)fk(y)∥H ≲ C∗δ
−N2k−jMW (z).

Indeed 2k|x− z| ≲ 1, and convolution with 2nk(1 + 2k| · |)−N is bounded by a constant times M .
Summing the squares and taking their square root costs at most CC∗δMW (z).

For k ≥ j + L, split fk on 5Q and its complement. The local terms satisfy

1
|Q|

∫
Q

∑
k≥j+L

∥S(k)(fk15Q)(x)∥2
H dx ≲ B2

2M(W 2)(z), z ∈ Q,

because dilation preserves the L2 operator norm. For the terms outside 5Q, summing the kernel
bound on successive doubled cubes gives, for x, z ∈ Q,

∥S(k)(fk1(5Q)c)(x)∥H ≲ C∗δ
−N2−(N−n)(k−j)MW (z).

Their square sum again has square root at most CC∗δMW (z).
There remain fewer than 2L indices. Hölder in this finite set bounds

(
|Q|−1 ∫

Q

∑
|k−j|<L b

2
k

)1/2

by (2L)1/2−1/pF (z), where F = (
∑
k[M(b2

k)]p/2)1/p. Since p/2 > 1, the scalar maximal theorem and
the scale invariance of Bp give

∥F∥pp ≲
∑
k

∥bk∥pp ≤ Bp
p

∑
k

∥fk∥pp ≤ Bp
p∥W∥pp.

By the triangle inequality for the square norm and Cauchy–Schwarz on Q, the mean of |h− cQ| is
thus at most a constant times C∗δMW (z) +B2M(W 2)(z)1/2 + L1/2−1/pF (z). Replacing cQ by the
mean hQ costs at most a factor of two. The dyadic sharp function inequality [74, Chapter IV, §3.6,
Corollary 1] and the maximal theorem on Lp and Lp/2 now prove the assertion. The hypothesis
of that inequality at a smaller exponent holds: ∥h∥2

2 =
∑
k ∥S(k)fk∥2

L2(H) ≤ B2
2
∑
k ∥fk∥2

2 < ∞, and
2 < p.
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Proof of Theorem 11.1. For p = 2, spatial Plancherel and u = |ξ|2/r2 give the identity

∥Gαf∥2
2 = 2α2

∫ 1

0
u(1 − u)2α−2 du ∥f∥2

2 = α

2α− 1∥f∥2
2.

Suppose p > 2. Choose ε > 0 so that σ = s+(p) + ε < α − 1/2, possible since 1/2 + s+(p) =
max{1/2, n(1/2 − 1/p)}. Write r = 2ks, 1 ≤ s ≤ 2, and ρ = 2−k|ξ|. On this interval dr/r = ds/s
is comparable to ds. The differentiated multiplier equals

m(s, ρ) = 2αρ2s−2α(s+ ρ)α−1(s− ρ)α−11{ρ<s},

where the last power is taken only for ρ < s. Near the boundary ρ = s, split s − ρ > 0 into
dyadic intervals of size δ = 2−j , j ≥ 0. Each piece is δα−1A(s, ρ)φ((s− ρ)/δ): the factors preceding
(s− ρ)α−1 times a smooth boundary cutoff give a fixed amplitude A supported away from ρ = 0;
the power on a unit shell is absorbed in φ ∈ C∞

c ((1/2, 2)).
For fixed δ, Lemma 11.2 bounds the one-interval norms of Tδ. Its kernel and first spatial

derivatives satisfy the hypothesis of Lemma 11.3 with C∗ independent of δ: N integrations by parts
in frequency cost at most δ−N on a fixed compact annulus, uniformly in s. Write T (k)

δ for the
spatial dilation obtained by replacing |ξ| by 2−k|ξ| in the symbol of Tδ, with s ∈ [1, 2] unchanged.
Choose smooth annular projections Pk, dilates of one fixed multiplier, which equal one on this
spatial frequency support. Lemma 11.3 applied to Pkf and the Littlewood–Paley inequality bound
this shell, on all dyadic radius intervals together, by

Cδα−1
(
δ1/2 + δ + [1 + log(1/δ)]1/2−1/pδ1/2−σ

)
∥f∥p.

The sum over j converges because α− 1/2 − σ > 0.
The multiplier left away from the boundary is smooth, supported in ρ ≤ 2, and vanishes to order

two at zero. Split it into annuli ρ ≍ 2ℓ, ℓ ≤ 2. After extracting 22ℓ and rescaling to the unit annulus,
the multipliers have uniformly bounded derivatives. Their kernels satisfy Lemma 11.3 at δ = 1 with
uniform constants (also for B2, Bp, by the integrable kernel bound). For each ℓ their dilates now
have frequency scale 2k+ℓ; the same Littlewood–Paley estimate applies, and

∑
ℓ≤2 22ℓ < ∞.

These estimates apply first to finite sets of k and finite shell sums. For Schwartz f the
multipliers converge in the Fourier integral for each fixed r, by the local integrability of the boundary
power. Fatou’s lemma and then monotone convergence give the full estimate. The linear map
f 7→ (r∂rBα

r f)r>0 therefore extends by density to Lpx(L2( dr/r)), giving the asserted extension of
its pointwise norm.

12 The paraboloid and Schrödinger evolution
We return to the spherical extension estimate of Lemma 9.2, with n = d+ 1. A small cap on Sd

approaches the paraboloid under parabolic rescaling [38, §3, (3.10)–(3.12)]. The Fresnel formula
then writes a Schrödinger wave in d spatial dimensions as extension from that paraboloid. At
pc = 2(d + 1)/d both changes of variables preserve the logarithmic power. We use the relation
between paraboloid restriction and Schrödinger evolution developed by Rogers [66] and Lee, Rogers
and Seeger [51].

Write Bd for the unit ball in Rd and define extension from the compact paraboloid patch by

Eg(x, t) =
∫
Bd

ei(x·v+t|v|2)g(v) dv.
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Corollary 12.1 (Paraboloid extension and Schrödinger local smoothing). Let d ≥ 1 and pc =
2(d+ 1)/d. If 1 < a ≤ ∞, pc < b < ∞ and b > (d+ 2)a′/d, then

∥Eg∥Lb(Rd+1) ≲d,a,b ∥g∥La(Bd). (12.1)

Let I ⊂ R be a compact interval. For N ≥ 2 and Schwartz f with supp f̂ ⊂ B(0, N) ⊂ Rd,

∥eit∆f∥Lpc (Rd×I) ≲d,I [log(2 +N)]2/pc∥f∥pc . (12.2)

For pc < p < ∞ and p ≤ r ≤ ∞, arbitrary Schwartz data satisfy

∥eit∆f∥Lp(Rd;Lr(I)) ≲d,p,r,I ∥f∥Bs
p,p(Rd) ≲d,p,s ∥(1 − ∆)s/2f∥p, s = d(1 − 2/p) − 2/r. (12.3)

Here Bs
p,p is the inhomogeneous Besov space. Taking r = p gives the exact spacetime Sobolev order

d− 2(d+ 1)/p; taking r = ∞ gives the corresponding maximal estimate.

Proof. We first transfer Lemma 9.2 to E, writing A for the logarithmic power in that lemma.
By Theorem 1.2 we may take A = 2/pc. Parametrize a spherical cap by (δv,

√
1 − δ2|v|2) and

evaluate its extension at (x/δ,−2t/δ2). After removing a scalar phase, the new graph is qδ(v) =
2(1 −

√
1 − δ2|v|2)/δ2. Choose the cap density to be g(v)

√
1 − δ2|v|2, so surface measure times

density is δdg(v) dv. The image of B(0, R) in physical space lies in B(0, CR/δ2). Thus the extension
operator for qδ has local Lpc → Lpc norm at most

C δ−d+(d+2)/pc+d/pc [log(2 +R/δ2)]A.

The power of δ is zero. Since qδ(v) = |v|2 + O(δ2), the error in replacing its extension by Eg on
B(0, R) is at most CRδ2∥g∥1 pointwise. Taking δ = (2R)−(d+2) makes its Lpc norm O(∥g∥pc) and
keeps log(2 +R/δ2) ≲d log(2 +R). Modulation of g translates the observation ball, so

∥Eg∥Lpc (B(z,R)) ≲d,A [log(2 +R)]A∥g∥pc (z ∈ Rd+1, R ≥ 1). (12.4)

To obtain (12.1), first note that the loss in (12.4) is Oε(Rε) for every ε > 0, also on a slightly
larger parameter ball by dilation. A smooth density supported on the larger patch and equal to dv on
Bd has Fourier decay O((1 + |(x, t)|)−d/2) by stationary phase. Apply Tao’s epsilon-removal theorem
[75, Theorem 1.2] in the compact hypersurface form of [46, Theorem 5.3], with both restriction
exponents equal to p′

c ∈ (1, 2). Duality and zero extension from Bd give E : Lpc(Bd) → Ls(Rd+1)
for every s > pc. Since Bd has finite measure, E : Ls → Ls as well. Interpolation with E : L1 → L∞

now gives (12.1) as in the proof of Corollary 9.3, with n = d+ 1.
For the critical estimate write p = pc, S(t) = eit∆ and I0 = [1/2, 1]. We give the finite-scale

comparison directly from the Fresnel kernel; compare [51, Lemma 2.2]. Let χ ∈ C∞
c (B(0, 2)) equal

one on B(0, 1), so f = PNf for PN = χ(D/N). Tile Rd by cubes Q of side N . For t ∈ I0 and
|z| ≥ 8N , integration by parts bounds the kernel of S(t)PN by CMNd(1+N |z|)−M : in the frequency
variable η = ξ/N the phase gradient Nz − 2tN2η has length at least N |z|/2 on the support of
χ. Thus on each Q the contribution from outside the concentric cube 30Q is bounded by the
convolution of this majorant with |f |. The same convolution works on every cube and has Lp norm
O(∥f∥p) by Young’s inequality for M > d.

Translate Q to be centered at zero and set h = f130Q. This truncation may introduce higher
frequencies, so the near contribution is S(t)PNh = PNS(t)h. The equality holds on L2; at x the
last expression integrates S(t)h(x−w/N) against χ̌(w) dw. Choose λ = 16

√
dN , so g(v) = h(λv) is

supported in the unit ball. Since h ∈ L1 ∩L2, its Fresnel integral converges absolutely. Substitution
of y = λv gives

|S(t)h(z)| = (4πt)−d/2λd
∣∣∣∣∣Eg

(
−λz

2t ,
λ2

4t

)∣∣∣∣∣ .
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For z = x− w/N , x ∈ Q and t ∈ I0, the arguments of Eg lie in a ball of radius Cd(N2 + |w|). The
change of variables from (x, t) to those arguments is one-to-one, with absolute Jacobian comparable
to λd+2. Since ∥g∥p = λ−d/p∥h∥p, (12.4) gives

∥S(t)h(x− w/N)∥Lp(Q×I0) ≲ λd−(2d+2)/p[log(2 +N2 + |w|)]A∥h∥p.

The power of λ is zero. Integrating against |χ̌(w)| dw and using its rapid decay bounds the near
contribution by C[log(2 +N)]A∥f∥Lp(30Q). Sum the pth powers over Q, using the bounded overlap
of 30Q, and add the far contribution. This proves (12.2) on I0 with power A. On [a/2, a] parabolic
scaling gives an extra a1/p and replaces N by max(2,

√
aN). Sum the pth powers over dyadic

intervals in a bounded time range and use conjugation for negative times.
For the mixed norms in (12.3), choose pc < a < p and take b = a in (12.1). The diagonal case

of [51, Corollary 1.2] takes such an La → La extension bound to the first inequality in (12.3) for
every p ≤ r ≤ ∞. The second follows from spatial Littlewood–Paley theory and ∥ · ∥ℓp ≤ ∥ · ∥ℓ2 for
p > 2.

In d = 1 this argument gives (log(2 +N))1/2 at pc = 4. The sharp annular power on I0 is 1/4
[51, Theorem 1.4 and §4.1]. It is also the sharp power for a frequency ball: modulation moves
[−N,N ] into [N, 3N ] and, at each time, only translates the output and multiplies it by a phase.

A The Dirichlet problem on a periodic fiber
The balance law in Section 4 uses a Dirichlet potential smooth up to a boundary that moves with
the time variables. Section 5 bounds this potential by comparing determinants on the whole fiber
and on small balls inside it. We prove the required existence, comparison, and smooth dependence
here; the quantitative bounds in the wavelength h come from the comparison functions in Section 5.
Alesker proved smooth Dirichlet solvability on quaternionic balls [3, Theorem 1.4]; Zhu proved it on
bounded domains in quaternionic space in the presence of a smooth subsolution [81, Theorem 1.1].
Our fibers have periodic real directions and only three real coordinates per variable. Adjoining a
fourth, periodic coordinate gives the local rotations needed to estimate mixed derivatives at the
boundary.

Let Λ ⊂ Rm be a full lattice, V ⊂ R2m a bounded domain with smooth boundary, and
Ω = (Rm/Λ) × V . The periodic variables occupy the real slots and the coordinates of V occupy the
i, j slots of the Hessian H from Lemma 3.1.

Theorem A.1 (Periodic Dirichlet problem). Let m ≥ 1. Suppose r ∈ C∞(V ) is a defining function,
negative in V , with dr ̸= 0 on ∂V and H(r) > 0 on Ω. Let B0, g ∈ C∞(Ω) be real and suppose

H(B0) ≥ 0, g > detH(B0) on Ω.

There is a unique smooth solution, up to the boundary, of

detH(B0 + u) = g, H(B0 + u) > 0, u|∂Ω = 0. (A.1)

There are constants b ≥ b′ > 0 such that

br ≤ u ≤ b′r. (A.2)

For smooth finite-dimensional families of such data and domains, these constants can be chosen
locally uniformly. The solutions depend smoothly on the parameters up to the boundary, after any
smooth local identification of the domains with a fixed domain.
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Proof. Work on Ω̃ = Ω × (R/Z)m, with the new coordinates in the k slots. Extend the data
constantly in these coordinates. Until the last paragraph, G,H are the full quaternionic gradient
and Hessian, which agree with the physical operators on the extended data. Write H(D2v) = H(v)
and encode a real covector ξ ∈ R4m as the quaternionic column ξ̂ in the slot basis. Lemma 3.1 gives
H(ξξt) = ξ̂ ξ̂∗ and trH(v) = ∆v.

Comparison and continuity. Join the known solution u = r to the given density by gt =
(1 − t) detH(B0 + r) + tg, 0 ≤ t ≤ 1. At a solution ψ = B0 + u put Q = H(ψ) and S = trQ−1. The
derivative of the log determinant is

Lw = Q−1 : H(w), σL(ξ) = ξ̂∗Q−1ξ̂.

Thus L is a uniformly elliptic real operator at each fixed smooth solution with Q > 0 on the closure.
For two potentials ψ1, ψ2 with Qi = H(ψi) > 0, the corresponding difference formula is

log detQ1 − log detQ2 =
(∫ 1

0

(
(1 − θ)Q2 + θQ1

)−1 dθ
)

: H(ψ1 − ψ2).

When the Hessians are positive on the closure, the averaged operator is uniformly elliptic. If
detQ1 ≥ detQ2 on the domain and ψ1 ≤ ψ2 on its boundary, the maximum principle therefore gives
ψ1 ≤ ψ2 throughout. This also gives uniqueness. The linear Dirichlet operator L : Ck+2,α

0 → Ck,α is
an isomorphism (k ≥ 0, 0 < α < 1; the subscript denotes zero boundary trace). Indeed the local
Schauder estimates and Dirichlet theory [31, Theorems 6.14 and 6.19] apply in a finite cover of the
flat quotient. In the continuity method from ∆ to L, r is a common strict barrier since H(r) ≥ cI;
the maximum principle therefore supplies the C0 estimate. The starting Dirichlet Laplacian is
invertible on the compact manifold with boundary. The implicit function theorem gives openness;
the estimates below give closedness. Their constants may depend on the fiber and its data, but are
uniform in t.

Both endpoints of the path have determinant strictly above detH(B0) at every point. The gap
is uniform by compactness. Hence we may choose 0 < b′ < 1 < b so that

detH(B0 + b′r) < gt < detH(B0 + br)

everywhere, using H(r) ≥ cI for the second inequality. Comparison gives (A.2). Since u vanishes
on the boundary, u = αr in a collar with smooth quotient α at each smooth solution; division in
the barriers gives b′ ≤ α ≤ b. In particular ∇u = α∇r on the boundary. We also have Lr ≥ cS and
S ≥ mg

−1/m
t ≥ c0 > 0. For any constant real unit vector e, differentiation and concavity give

Lψe = (log gt)e, Lψee ≥ (log gt)ee. (A.3)

The maximum principle applied to ±ψe + Cr bounds the full gradient. Applied to ψee + Cr, it
reduces an upper bound for the real Hessian to the boundary.

Second derivatives at the boundary. Center a flat chart at a boundary point, let ν be the
outward unit normal, and identify vectors with their quaternionic columns in this chart. For real
tangent vectors v, w, D2u(v, w) = αD2r(v, w) at the center. For the mixed derivatives we adapt the
tangential differentiation argument of Caffarelli, Nirenberg and Spruck for the real Monge–Ampère
equation [15, Section 2, (2.11)–(2.14)]. Fix a real tangent unit vector e. We construct a local
quaternionic rigid motion X = (e + Ax) · ∇ for which Xr vanishes to second order along the
boundary at the center. Let

v = PtanD
2r e

|∇r|
, A = vν∗ − νv∗ − ν(ν∗v)ν∗,
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where Ptan is the real orthogonal tangent projection. Since Re(ν∗v) = 0, we have A∗ = −A and
Aν = v. Now Xr(0) = 0 and for every tangent w,

∂w(Xr)(0) = D2r(w, e) − |∇r|w ·Aν = 0.

Thus |Xu| = |αXr| ≤ C|x|2 on the boundary near the center. The flow of X acts by quaternionic
unitary rotations and translations. Differentiating the covariance of H under this flow gives
L(Xψ) = X log gt: the commutator from conjugating Q has zero pairing with Q−1. This identity
uses only the flat chart. Subtracting the known XB0 gives |L(Xu)| ≤ CS.

In a chart ball of fixed small radius, set w = C1|x|2 −C2r. First choose C1 so that w ≥ |Xu| on
the true boundary by the quadratic bound, and on the spherical boundary by the gradient bound.
Then choose C2 so that L(w ±Xu) ≤ 0, using H(|x|2) = 8I and Lr ≥ cS. The maximum principle
gives |Xu| ≤ w in the intersection. Both functions vanish at the center, so the inward derivative
bounds |∂νXu|. This is |D2u(ν, e)|: the additional term ∇u ·Aν vanishes since ∇u is normal. The
constants are uniform over the compact boundary.

For the remaining derivative, the product rule at the boundary reads

H(u) = αH(r) +G(α)G(r)∗ +G(r)G(α)∗, G(r) = |∇r|ν.

Compression to the quaternionic orthogonal complement of ν annihilates both cross terms. On that
complement Q is therefore bounded below by b′H(r)|ν⊥ ≥ cI. The rank-one rule shows that in a
quaternionic orthonormal basis beginning with ν,

Q =
(
ψνν + c1 z∗

z D

)
.

Here c1, z,D depend only on the real second derivatives already bounded. For m > 1 the Schur
formula in Lemma 3.2 gives ψνν = gt/ detD + z∗D−1z − c1, which is bounded since D ≥ cI. For
m = 1 the scalar identity Q = gt suffices. Equation (A.3) now gives D2ψ ≤ CI throughout the
domain. Since ∆ψ = trQ > 0, every real Hessian eigenvalue is at least −(4m− 1)C. This is the full
C2 bound.

Real elliptic regularity. The C2 bound and detQ = gt ≥ c0 > 0 put all eigenvalues of
Q in a fixed interval [c, C] ⊂ (0,∞). Thus all real Hessians D2ψ lie in the compact convex set
K = {M : |M | ≤ C1, cI ≤ H(M) ≤ CI}. On H(M) > 0 the smooth function F (M) = log det H(M)
is concave. For M ∈ K and every real covector ξ,

DF (M)[ξξt] = ξ̂∗H(M)−1ξ̂ ∈ [C−1|ξ|2, c−1|ξ|2].

These are real uniform ellipticity and concavity on the range of the solution Hessians, the hypotheses
(i)′, (ii)′ of the interior and boundary estimates [31, Theorems 17.14 and 17.26′]. To put F on the
full real matrix space as in that theorem, multiply it by a smooth cutoff supported in {H(M) > 0}
and equal to one on a neighborhood of K. The equation F (D2ψ) − log gt = 0 then has uniformly
smooth coefficients and boundary data B0. The cited local boundary estimates (see also Krylov
[48]) and the interior Evans–Krylov estimate [22, 47] apply in a finite cover of the flat quotient,
giving a uniform C2,α bound for some α > 0.

For a limit of solvable parameters, a subsequence converges in C2,β, 0 < β < α. Positivity and
the equation pass to the limit. Schauder bootstrapping gives smoothness up to the boundary: in
flattened coordinates differentiate tangentially with the given Dirichlet data, and recover the pure
normal derivative from the equation by uniform ellipticity. Thus the path is closed and reaches g.

Uniqueness on Ω̃ makes the solution invariant under translations in every added periodic
coordinate. It descends to Ω; any physical solution lifts, so uniqueness descends as well. The
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same lift gives comparison on subdomains, in particular on the balls in the three-slot fibers used in
Section 5. For moving domains pull the lifted equation back to a fixed domain. Its coefficients and
boundary data depend smoothly on the parameters, and its linearization is conjugate to the Dirichlet
isomorphism above. The implicit function theorem in each Ck+2,α

0 gives smooth dependence up to
the boundary. The strict inequalities used to choose b, b′ persist locally in the parameters.

B The sharp logarithm with angular regularity
Write p = pc, d = n − 1, α = d/2, I = [1, 2], and L(v) = log(2 + v), so that αp = n. Let
Λω = (1 − ∆Sn−1)1/2 act on the angular variable on each sphere about the origin. The joint weak
spacetime norm is ∥u∥p,∞ = supλ>0 λ|{|u| > λ}|1/p.

Theorem B.1 (The angular endpoint). Let n ≥ 2, p = pc, and B > 1/2 + 1/p. Then

∥U(T )f∥Lp(Rn×I) ≤ Cn,B
(
∥L(J)1/pf∥p + ∥L(Λω)Bf∥p

)
,

∥U(T )f∥Lp,∞(Rn×I) ≤ Cn,B∥L(Λω)Bf∥p.

In each inequality the angular norm on the right can be replaced by ∥Λσωf∥p for any σ > 0, with a
constant depending on σ.

For radial data the angular operator acts as a scalar, so Proposition 8.1 makes the frequency
power 1/p in the strong estimate sharp. To prove the theorem we first separate spatial frequency
and angular degree on a single annulus. Let ΠN = χ(|D|/N) with χ ∈ C∞

c ((0,∞)). We use A = 2/p
for the power in Theorem 1.2; the argument applies with any positive exponent A for which that
bound holds. An angular polynomial of degree at most M is a function whose restriction to almost
every sphere about the origin is a sum of spherical harmonics of degrees at most M .

Proposition B.2 (Bounded angular degree on a frequency annulus). For N ≥ 2 and an angular
polynomial f ∈ Lp(Rn) of degree at most M ,

∥U(t)ΠNf∥Lp(I×Rn) ≲ [L(N)1/p + L(M)A]∥f∥p, (B.1)
∥U(t)ΠNf∥Lp,∞(I×Rn) ≲ L(M)A∥f∥p.

The constants are independent of M and N .

The two terms in the strong estimate come from different output radii in physical space. When
M is sufficiently small relative to N , we split the output at radius (2 +M)K/N for a fixed K. The
first lemma below shows that the logarithm on the inner ball counts its radius in wavelengths, here
(2 + M)K , so the cost of observation is O(L(M)A). On its exterior the input from a small ball
about the origin contributes a decaying error in the strong norm. For the remaining input, angular
stationary phase at x = rθ, r ≤ 4, gives profiles r−αG(t ± r, θ) with ∥G∥Lp( dv dθ) ≲ ∥f∥p, where
v = t± r. Each dyadic interval of r contributes equally to the pth power of the radial factor, since
rd−αp = r−1. Its weak Lp norm, with the same polar measure rd dr, is bounded independently of
the number of intervals.

For radial data, Müller and Seeger reduced the wave kernel to four one-dimensional kernels
concentrated at t ± r ± s = 0, with s the input radius [58, Lemma 2.1]. Colzani, Cominardi
and Stempak obtained the corresponding weak endpoint for the radial cosine propagator [18,
Theorem 2.1]. We recover these four kernels outside the indicated ball with constants uniform in
the angular degree.
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B.1 Observation on a ball

Lemma B.3. For N ≥ 2, 0 < r ≤ 1 and every x0 ∈ Rn,

∥U(t)ΠNf∥Lp(I×B(x0,r)) ≲ min{1, (Nr)n/p}L(Nr)A∥f∥p.

Proof. Translate to x0 = 0 and rescale to frequency one. With T = N , R = Nr, we must bound the
norm on [T, 2T ] ×B(0, R) by T 1/p min(1, Rn/p)L(R)A∥f∥p. For the kernel of U(t)Π1, write v = |z|
and ⟨v⟩ = (1 + v2)1/2. Spherical stationary phase gives, for every D and v ≥ 1,

K(t, z) = v−αk(t− v) +OD
(
v−α−1⟨t− v⟩−D + v−α⟨t+ v⟩−D). (B.2)

Here k is the Fourier transform of a constant times ραχ(ρ) on the positive axis. After removal of the
phases e±ivρ the spherical amplitudes are symbols in vρ; radial integration by parts gives the stated
decay. For v < 1 the entire kernel is OD(⟨t⟩−D). In particular, at any fixed x, Young’s inequality in
time on the input radii T/2 ≤ s = |y − x| ≤ 3T gives

∥U(t)Π1f(x)∥Lp([T,2T ]) ≲ T 1/p∥f∥p.

Indeed the convolution acts on sα
∫
Sd |f(x+ sω)| dω, whose pth power integrates to at most CT∥f∥pp

on these radii, since αp = d+ 1. At the remaining radii the kernel is OD((T + s)−D). Integration
over x proves the assertion for R ≤ 2.

Suppose 2 < R ≤ T and put S = 100R3+n/p. If T ≤ 10S, the scaled global estimate of
Theorem 1.2 suffices since L(T ) ≲ L(R). For T > 10S, the input that reaches the observation ball
at time Q occupies a shell of radius Q and thickness O(R), up to rapidly decaying tails. We will
compare its wave with one from a shell at radius S, where the global bound costs only L(R)A. For
this comparison take Q ≥ S and write the shell input as

fQ(sω) = s−αh(s−Q,ω), h(u, ω) = 0 (|u| > 5R).

Its contribution at t = Q+ b, |x|, |b| ≤ R, is approximated by

T h(b, x) =
∫
k(b− u+ x · ω)h(u, ω) dudω.

This expression is independent of Q. In fact |sω − x| = s− x · ω +O(R2/Q) and (s/|sω − x|)α =
1 +O(R/Q). Inserting these into (B.2), with the polar Jacobian sd, bounds the difference kernel
against h by CD(R2/Q)⟨b− u+ x · ω⟩−D. Young’s inequality in b, followed by integration in ω and
x, gives

∥U(Q+ b)Π1fQ − T h∥Lp({|b|,|x|≤R}) ≲ (R2+n/p/Q)∥h∥Lp( dudω).

We may therefore estimate the profile at the smaller radius Q = S. Since d− αp = −1, this input
has norm

∥fS∥pp =
∫ |h(u, ω)|p

S + u
du dω ≍ S−1∥h∥pp.

The factor S1/p in the scaled wave estimate cancels. Applying Theorem 1.2 on [S/2, S] and [S, 2S]
and using L(S) ≲ L(R) now gives ∥T h∥Lp({|b|,|x|≤R}) ≲ L(R)A∥h∥p.

Divide [T, 2T ] into intervals of length between R/2 and R, centered at Qi. On interval i take
hi(u, ω) = (Qi + u)αf((Qi + u)ω)1|u|≤5R. The input shells have bounded overlap, so

∑
i ∥hi∥pp ≲

T∥f∥pp. Applying the profile estimate and summing gives the desired bound for these shells. For
T/2 ≤ s ≤ 3T , |s−Qi| > 5R, the remaining kernel is bounded by CDs−α1|t−s|>3R⟨t− s⟩−D: the
output displacement is at most R. Young’s inequality in t as above bounds this contribution by
CDR

n/p+1−DT 1/p∥f∥p. The radii outside [T/2, 3T ] again give rapid decay in T + s.
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B.2 The polar kernel and the two endpoint norms

At an output point rθ, angular stationary phase samples each input sphere at directions θ and −θ.
An angular average controls the remainders. To bound all three terms by a single radial profile, for
g on Rn define the even function of v ∈ R

hg(v, θ) = |v|d/p
(

|g(|v|θ)| + |g(−|v|θ)| +
∫
Sd

|g(|v|ω)| dω
)
, Gg(v, θ) = MRhg(v, θ),

where MR is the Hardy–Littlewood maximal operator in v. The weight |v|d/p incorporates the polar
Jacobian, so ∥Gg∥Lp( dv dθ) ≲ ∥g∥p.

Lemma B.4. There is an integer K, independent of M,N , with the following property. Suppose g
has angular degree at most M , is supported on s = |y| ≥ s0, and N min(r, s0) ≥ (2 +M)K . Then
for t ∈ I,

|U(t)ΠNg(rθ)| ≲
∑
±
Gg(t± r, θ)

{
r−α, r ≤ 4,
r−d/p, r > 4.

(B.3)

For arbitrary g ∈ Lp(Rn), the part supported in |y| < Nη−1, where η = α/(2n), satisfies

∥U(t)ΠN (1|y|<Nη−1g)∥Lp(I×Rn) ≲ N−δ∥g∥p, δ = (α/2)(1 − 2/p) > 0. (B.4)

Proof. Write SzF (θ) =
∫
Sd eizθ·ωF (ω) dω. In polar coordinates the angular operator at radii r, s is

cns
d
∫
e−itρχ(ρ/N)ρdSrρS−sρ dρ.

For each sign of z, use rotation-invariant cutoffs to separate the two stationary points. The expansion
takes the form

SzF = |z|−α
∑
σ=±1

eiσ|z|(cσPσF + Eσ,zF ),

where for either fixed sign of z the two Pσ are the identity and the antipodal reflection, in
the corresponding order. Fix an integer D > 2 + α. Then Eσ,zF and its first D logarithmic
derivatives in |z| are bounded pointwise by CD|z|−1∥F∥CmD . To see this, use coordinates at the
pole in which 1 ∓ θ · ω = |w|2/2. After removing the leading oscillation, the normalized integral
has the form Iλ(a) = λd/2 ∫ e±iλ|w|2/2a(w) dw, where λ = |z|. Integration by parts in w gives
λ∂λIλ(a) = −1

2Iλ(w · ∇a). Each differentiated amplitude vanishes at the pole, so its leading
stationary phase term is zero. The stationary phase remainder is O(λ−1) for each of the finitely
many amplitudes, with the stated derivative bound; off the pole one integrates by parts in angle [74,
Chapter VIII, §2].

On degrees at most M , ∥F∥2 ≲ (2 + M)d/2∥F∥1 by the constant diagonal of the spherical
projection kernel. Sobolev embedding and the spectrum of −∆Sd thus bound ∥F∥CmD ≲ (2 +
M)cD ∥F∥1. Choose K > cD for the fixed D above. For |z| ≳ (2 +M)K each normalized remainder
maps this band from L1 to L∞ with uniform norm. It preserves the band by rotation invariance.
Consequently the composition of the two normalized factors, including the needed radial derivatives,
is bounded at θ by C(|F (θ)| + |F (−θ)| + ∥F∥1).

Now integrate by parts in ρ/N in each of the four phases. The scalar kernels against the last
angular majorant are bounded by CDr−αsαN⟨N(t± r ± s)⟩−D. The input weight left after sd/p is
s1/p. For r ≤ 4 it is bounded by C⟨t± r ± s⟩1/p; for r > 4 insert the additional factor r1/p on the
right. Absorb this polynomial into the decay. For each v = t± r, the integrals with phases v − s
and v + s are bounded by one convolution on R, since hg is even in s. Its kernel is majorized by
CDN⟨N ·⟩−D+1/p, so the convolution is bounded by CGg(v, θ). This proves (B.3).
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Finally (B.2) and scaling give ∥U(t)ΠN∥1→∞ ≲ Nα+1 for t ∈ I, while the L2 norm is bounded.
For v = g1|y|<b, interpolate ∥U(t)ΠNv∥2 and ∥U(t)ΠNv∥∞, then use Hölder on the input ball. This
gives ∥U(t)ΠNv∥p ≲ (Nα+1bn)1−2/p∥g∥p. Taking b = Nη−1 gives (B.4).

Proof of Proposition B.2. Put H = (2+M)K . If H > Nη, then L(N) ≲ L(M) and the unrestricted
annular estimate gives both conclusions. Suppose H ≤ Nη. On the output ball r ≤ H/N , Lemma B.3
gives the strong bound CL(H)A∥f∥p ≲ L(M)A∥f∥p. On its complement we may discard the input
from s < Nη−1 with the strong error (B.4). For the remaining input g, both Nr and Ns are at
least H, as required in Lemma B.4.

Consider one profile in (B.3). Changing variables from (t, r) to (v, r) = (t ± r, r) preserves
measure. At fixed v, θ, write G = Gg(v, θ). For N−1 ≤ r ≤ 4 the strong norm and the distribution
function are controlled by the two radial integrals∫ 4

N−1
(r−αG)prd dr = Gp log(4N),

∫
{r>0: r−αG>λ}

rd dr = Gp

nλp
(λ > 0). (B.5)

Integrating in v, θ gives the factor O(L(N)1/p) for the strong norm and a constant for the joint weak
norm. For r > 4 the pth power of r−d/p cancels the polar Jacobian. At each t the remaining integral
of |Gg(t± r, θ)|p in r, θ is at most ∥Gg∥pp; this part has a strong bound uniform in N . Combining
the two regions proves the proposition.

For A = 2/p and M ≤ exp(
√
L(N)), the strong estimate therefore costs only L(N)1/p. For

cutoffs equal to one on [5/4, 7/4], the radial data of Proposition 8.1 force this power already at
angular degree zero.

B.3 Summation over the spatial and angular frequencies

Choose a smooth radial Littlewood–Paley decomposition fj at frequencies Nj = 2j , and let
uj = U(t)fj . Insert a fixed enlarged annular multiplier ΠNj equal to one on the support of f̂j . The
bounded frequency part satisfies a uniform fixed-time Lp estimate by the Mikhlin theorem. On the
other bands, (B.4) allows us to restrict the input to s ≥ Nη−1

j , with a total strong error O(∥f∥p)
even when summed in j.

We group angular degrees according to the size of their logarithm. Use smooth angular low
pass operators Sm at degree Mm = 22m , m ≥ 0, and their differences Qm = Sm − Sm−1 with
S−1 = 0. Take a fixed smooth cutoff on degrees, equal to one up to Mm and zero beyond 2Mm.
These operators commute with all radial Fourier multipliers by rotation invariance. Their kernels
satisfy |Sm(θ, ω)| ≲D Md

m(1 +Mm dist(θ, ω))−D by smooth spherical localization [60, Theorem 3.5
and Corollaries 3.6, 5.3]; on the circle this is ordinary smooth Fourier summation. In particular
|Smg| ≲ MSdg, uniformly in m. For every B > 0,

∥Qmf∥p ≲B 2−mB∥L(Λω)Bf∥p. (B.6)

Indeed, as a function of the harmonic degree ν on the support of Qm, L((1 + ν(ν + d− 1))1/2) ≍ 2m.
The normalized symbol 2mBQm(ν)L((1 + ν(ν + d− 1))1/2)−B and all its logarithmic derivatives in
ν are uniformly bounded. The smooth multiplier theorem on the sphere [11, Theorem 4.9(1)] gives
(B.6) on each angular slice.

To pay the spatial logarithm only once, at fixed r and Nj we group all angular bands on which
stationary phase is uniform into one low pass. Put Hm = (2 + 2Mm)K , and select the largest m with

Hm ≤ min(Nη
j , Njr). (B.7)
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Call this index m(j, r), with value −1 when there is no such m. For aj = 1
s≥Nη−1

j
fj , the exact

decomposition of the retained wave at (t, rθ) is

U(t)ΠNjaj = U(t)ΠNjSm(j,r)aj +
∑

m>m(j,r)
U(t)ΠNjQmaj .

For a given output r, the index m(j, r) is fixed on every input sphere. If it is nonnegative, Lemma B.4
applies to the first term. Its positive majorant may use MSdfj in place of Sm(j,r)fj , eliminating the
dependence of the profile on the chosen cutoff. The vector-valued maximal inequality, on the sphere
and on the line [33, Theorem 1.2], gives for arbitrary nonnegative coefficients cj∥∥(cjGMSdfj

)j
∥∥
Lp( dv dθ;ℓ2) ≲ ∥(cjfj)j∥Lp(Rn;ℓ2).

The reflection and angular integral in hg are bounded on Lp(Sd; ℓ2) by Minkowski’s inequality.
It remains to integrate these profiles along v = t ± r, now taking the square function in j.

Write Gj = GMSdfj
(v, θ). On the selected region r ≥ N−1

j , so for r ≤ 4 we may bound r−α by
C(r +N−1

j )−α. At fixed v, θ, Minkowski’s inequality in Lp/2(rd dr) gives∥∥∥∥∥∥∥
∑

j

(r +N−1
j )−2α|Gj |2

1/2
∥∥∥∥∥∥∥
Lp((0,4),rd dr)

≲

∑
j

(1 + j)2/p|Gj |2
1/2

. (B.8)

Indeed the pth power of the jth radial factor integrates to O(1 + j) by αp = n. Integrate in v, θ
and apply the maximal inequality above with cj = (1 + j)1/p. The smooth spatial Littlewood–Paley
theorem then bounds the strong square function by C∥L(J)1/pf∥p. For the weak norm keep the
common factor r−α and use the distribution formula in (B.5) with G = ∥(Gj)∥ℓ2 . The maximal
inequality with cj = 1 gives C∥f∥p. For r > 4 the common factor is r−d/p; the same integration at
fixed t as in the single annulus gives a strong bound of C∥f∥p there.

It remains to estimate the unselected angular frequencies in strong Lp. Fix m and denote by
vj the wave U(t)ΠNj applied to Qmfj1s≥Nη−1

j
; write bj = ∥Qmfj∥p. When Hm > Nη

j , the entire
vj is unselected. There are O(1 + logHm) such j and Theorem 1.2 bounds each by CL(Hm)Abj .
The pointwise inequality ∥w∥ℓ2 ≤ (#j)1/2−1/p∥w∥ℓp shows that their strong square function costs
CL(Hm)A+1/2−1/p∥(bj)∥ℓp .

For the remaining j, the unselected output lies in r < Rj = Hm/Nj . Let D = ⌈log2(2Hm)⌉ and
consider the disjoint shells Rk+1 < r ≤ Rk, with Rk = Hm2−k. On shell k only j ≤ k contribute.
For k − D ≤ j ≤ k the same finite-sequence inequality costs (1 + D)1/2−1/p. After taking pth
powers and summing over k, each vj is integrated only on its ball r ≤ Rj , where Lemma B.3 gives
CL(Hm)Abj . For j < k − D the shell lies within one wavelength: NjRk = Hm2j−k ≤ 2−(k−j−D).
The volume factor in the same lemma on the smaller ball r ≤ Rk gives C2−(k−j−D)n/pbj . Sum these
latter bounds first in j by the triangle inequality and then in ℓp(k) by discrete Young’s inequality.
Thus the unselected mth angular band has total strong square-function norm at most

CL(Hm)A+1/2−1/p∥(bj)∥ℓp ≲ 2m(A+1/2−1/p)∥Qmf∥p.

In the last step we used p > 2 and the spatial square-function bound for Qmf . By (B.6), summing
in m costs CB∥L(Λω)Bf∥p whenever B > A+ 1/2 − 1/p.

These estimates control the square function of the original uj : the unselected pieces have a
strong bound, and the selected pieces have both bounds. The splitting depends on r, so the pieces
need not be annular separately. We recover the sum only after reassembling uj : the spatial synthesis
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operator (wj) 7→
∑
j ΠNjwj is bounded from Lq(I × Rn; ℓ2) to Lq(I × Rn) for 1 < q < ∞ by spatial

Littlewood–Paley duality and Fubini [32, Theorem 6.1.2 and Remark 6.1.3]. Real interpolation gives
the same assertion for joint weak Lp. The argument first gives uniform bounds for finite frequency
sums and then the stated bounds by approximation. The same angular multiplier theorem applies
to L(Λω)−B and L(Λω)BΛ−ε

ω for every ε > 0: the first absorbs ∥f∥p into the stated weak norm, and
the second gives the assertion with a positive angular derivative. This proves Theorem B.1.

C Disjoint packets and the weak spacetime norm
We prove Proposition 8.2. The geometry is the one used in Fefferman’s ball multiplier example [23];
Wolff explains its relation to local smoothing in the discussion of (39) in [79]. For the quantitative
compression factor (log(1/δ))−(n−1) with disjoint translates of unit tubes, see also Fernández-Delgado
and de la Salle [24, Theorem 1.4]. We give the short construction needed here. The tubes are
disjoint on one longitudinal interval. On a second interval, their union is small and the sum of their
individual volumes stays bounded below. A modulated packet travels from the first part of its tube
to the second.

An arrangement of tubes. Write x = (X,Y ) ∈ R×Rd, d = n− 1. Let k = ⌊1
4 log2N⌋, δ = 2−k,

and put α = 1/(4
√
d), w = αδ/16. For 0 ≤ j < 2k, write jδ =

∑k
ℓ=1 εℓ(j)2−ℓ in binary. Use the

digits to choose the intercept of a line of slope sj = αjδ:

aℓ = 1 − ℓ/k, Lj(X) = α
k∑
ℓ=1

εℓ(j)2−ℓ(X − aℓ).

The ℓth binary increment changes the slope without moving the line at X = aℓ. Near this point
its displacement is small. At X ≤ −1/2 these lines are separated. Indeed, when one passes from j
to j + 1, one digit, say m, changes from zero to one, and the later digits change from one to zero.
Hence

Lj+1(X) − Lj(X) = αδ(X − am) + α
∑
ℓ>m

2−ℓ(aℓ − am) ≤ −αδ/2.

The intervals of radius w around the Lj(X) are therefore disjoint.
For X in J = [1/4, 1/2], let BX be the union of intervals of radius w/2 around the same

Lj(X). To see why this union is small, freeze the first m = ⌊k(1 −X)⌋ digits. For ℓ > m we have
0 ≤ X − aℓ ≤ (ℓ−m)/k. The tail of each line therefore ranges over an interval of length at most
α
∑
ℓ>m 2−ℓ(ℓ−m)/k ≤ 2α2−m/k. There are 2m choices for the frozen digits, and m ≤ 3k/4, so

|BX | ≤ 2α/k + 2mw ≲ α/k.

Taking an independent choice in each transverse coordinate produces δ−d lines, indexed by ν =
(j1, . . . , jd). Write Lν = (Lj1 , . . . , Ljd) and sν = (sj1 , . . . , sjd). The output cores

Sν = {(X,Y ) : X ∈ J, |Yi − Lji(X)| ≤ w/2, 1 ≤ i ≤ d}

all lie in E = {(X,Y ) : X ∈ J, Y ∈ (BX)d}. We have proved

|E| ≲n k
−d,

∑
ν

|Sν | = δ−d|J |wd ≍n 1. (C.1)
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Transport at frequency N . Choose 0 ≤ χ, θ ≤ 1 smooth, with χ supported in (−2,−1/2) and
equal to one on [−3/2,−3/4], and θ supported in (−1, 1) and equal to one on [−1/2, 1/2]. Define

bν(X,Y ) = χ(X)
d∏
i=1

θ
(
(Yi − Lji(X))/w

)
, vν = (1, sν)(1 + |sν |2)−1/2.

The bν have disjoint supports and their total support volume is On(δ−dwd) = On(1). Set λ = 3N/2,
fν(x) = eiλvν ·xbν(x), and let QN = β(|D|/N), where β ∈ C∞

c ((5/4, 7/4)) is one on a neighborhood
of 3/2. We claim that, uniformly in ν, x and 1 ≤ t ≤ 2,

U(t)QNfν(x) = eiλ(vν ·x−t) bν(x− tvν) +On(N−1w−2). (C.2)

To verify this, write ξ = λvν + η. On |η| ≤ cN the cutoff is one and |ξ| = λ+ vν · η + O(|η|2/N).
The absolute Fourier transform of the bump is

wd|χ̂(η1 + sν · η′)|
d∏
i=1

|θ̂(wη′
i)|, η = (η1, η

′).

The change of variables in these arguments and |sν | ≤ 1/4 give
∫

|η|2|b̂ν(η)| dη ≲n w
−2. Thus the

integrated phase error is On(N−1w−2); the absolute integral over |η| > cN is On(N−2w−2). This
proves (C.2). Its error tends to zero since w ≍n δ and N ≥ δ−4.

Take I0 = [3/2, 7/4]. Translation by tvν preserves each transverse difference Yi − Lji(X).
Moreover, for X ∈ J and t ∈ I0, we have −3/2 ≤ X − t(vν)1 ≤ −3/4, since 4/

√
17 ≤ (vν)1 ≤ 1.

Thus bν(x− tvν) = 1 on Sν × I0 and |U(t)QNfν | ≥ 1/2 there for large N .

Choosing the signs. For independent random signs ϵν put f =
∑
ν ϵνfν . The disjoint initial

supports give ∥f∥p ≲n,p 1 for every choice of signs. Independence and (C.1) give

E
∫
E×I0

|U(t)QNf(x)|2 dx dt =
∑
ν

∫
E×I0

|U(t)QNfν(x)|2 dx dt ≥ 1
4 |I0|

∑
ν

|Sν | ≳n 1.

Fix signs attaining this lower bound and set gN = QNf . Its Fourier support is as stated, and
∥gN∥p ≲n,p 1 by the uniform L1 kernel bound for QN . For p > 2 and a measurable set H of finite
measure, integration of the decreasing rearrangement gives∫

H
|u|2 ≤ p

p− 2 |H|1−2/p∥u∥2
Lp,∞ .

Taking H = E × I0 and using |E| ≲n k
−d now gives ∥U(t)gN∥Lp,∞ ≳n,p k

d(1/2−1/p). As k ≍ logN ,
this proves Proposition 8.2. In fact the inputs have bounded L2 and L∞ norms separately, so
interpolation also gives a bounded Lorentz Lp,1 input norm.

These packets also test the angular weight in Theorem B.1. At p = pc a weak bound with only
[log(2 + Λω)]B on the input requires B ≥ 1/p. Indeed, before the radial projection the input is
supported in a fixed ball and is a sum of disjoint packets. Its first and second spatial derivatives are
bounded by CN and CN2, respectively, since w−1 ≲n N

1/4. The spherical Laplacian is a sum of
squares of infinitesimal rotations xi∂j −xj∂i. It follows that ∥(1 + Λ2

ω/N
2)gN∥p ≲ 1, since the radial

projection commutes with rotations. For B ≥ 0 the spherical multiplier [log(2 + Λω)]B/(1 + Λ2
ω/N

2)
has norm OB((log(2 + N))B) by the multiplier bound used in (B.6); for B < 0 the logarithmic
weight itself is bounded. The preceding lower bound forces B ≥ 1/p. Theorem B.1 gives sufficiency
for B > 1/2 + 1/p.
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D A linear Dirichlet problem for the planar wave
When n = 2, the coefficient of a rank-one background in the spatial determinant is linear in the
unknown Hessian. We can therefore prove the pc = 4 case of Theorem 1.2 with a linear auxiliary
Dirichlet problem on a disk. We give the reduction, including the boundary estimate needed to
apply Lemma 6.1.

The disk equation. Fix nonzero periodic data in a single cap as in Proposition 5.1. Retain
z = (T, τ), s = |τ |, a = Kh, and Q = Φ/a. For a < s < 4 replace the ellipsoid by the product

Ωpl
z : rW = |W |2/w2

0 − 1 < 0, |Q| < 1/10.

The real variable X still runs over the fixed torus. At fixed τ , (4.2) gives a holomorphic chart from
this product to the imaginary spatial variables (P,Z). Use the wave part A = Aw = g(Q)(Jh ∗X A0)
of (4.5), with g = 1 on |Q| ≤ 1/100 and g = 0 on |Q| ≥ 1/20, and put µ = ATT . We need only the
nonnegativity of this density; no regularizing cofactor is needed.

Put B = H(|Φ|2), let Bfib be its spatial block, and write LBu = C(Bfib) : Hfib(u). With the row
c = (∂PΦ, ∂ZΦ) and the column e = (c2,−c1)t, we have Bfib = 4c∗c and C(Bfib) = 4ee∗. Define
J = detC ∂(W,Φ)/∂(P,Z) = (1 +W 2/2)/(

√
2Y ). Then

LBu = 4
2∑

i,j=1
Re(eiēj)∂XiXju+ 4|J |2∆Wu, |J | ≍ s−1. (D.1)

Indeed, the mixed derivatives between X and (P,Z) in the Hessian take values in Cki, orthogonal
to the entries of ee∗ in Ck. The remaining imaginary block is the complex Hessian of Lemma 3.1;
under the holomorphic chart it pairs with the vector (∂W e, ce) = (J , 0). The Jacobian bound
follows from (4.2).

Solve LBu = µ with u = 0 on |W | = w0. At each fixed (z,Φ) and real spatial Fourier frequency
k this means solving

4|J |2∆W û− 4|k · e|2û = µ̂ (|W | < w0), û||W |=w0 = 0.

Here ∆W is the ordinary planar Laplacian. After division by 4|J |2 the operator is the Dirichlet
Laplacian minus a smooth nonnegative potential. It is invertible also at k = 0. The Dirichlet
isomorphism on Hölder spaces and the implicit function theorem give smooth dependence on the
parameters. There are only finitely many frequencies in µ. Solving before multiplication by g(Q)
shows that u = g(Q)ũ with ũ smooth and real. Thus u vanishes near the Q wall, including the
corners. Also u ≤ 0: for every ϵ > 0, LB(u + ϵrW ) = µ + 16ϵ|J |2/w2

0 > 0, ruling out a positive
interior maximum in (X,W ). Now let ϵ ↓ 0.

The energy. For the full three-by-three Hessian H = H(u), let DB(H) = B : C(H), the coefficient
of λ in det(λB+H). It is quadratic in H. Its derivative M in H is a mixed cofactor, hence divergence
free by Lemma 3.3. Homogeneity gives M : H = 2DB(H); differentiation in the TT entry gives
MTT = C(Bfib) : Hfib(u) = µ. On the W wall, the full H(rW ) has image the quaternionic line
spanned by its normal ν = G(rW )/|∇rW |. Since u = 0 there, writing u = (u/rW )rW and restricting
the product rule to ν⊥ gives H|ν⊥ = 0. The coefficient of λ in det((λB +H)|ν⊥) is therefore zero,
so ν∗Mν = 0 by Lemma 3.2. Now set

X0(z) =
∫

Ωpl
z

(−u)µ dζ, Fpl(z) = 1
2X0(z), dζ = dX dP dZ.
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Green’s formula (4.13) for M gives ∆zX0 = −2
∫

DB(H) dζ; the Q wall contributes nothing because
u vanishes in a neighborhood of it.

To apply the same formula to A, we claim that A : H ≥ DB(H). The current is supported on
the quaternionic plane E = kerB by Proposition 2.2. Put β = trB, βf = trBfib. In E take the
orthonormal basis consisting of the normalized projection of the time vector eT and the spatial vector
(0, e/|e|). In this basis write α = A|E , b = H|E , indexing rows from zero. Before normalization the
projection of eT has squared length βf/β. Hence α00βf/β = ATT = µ = βfb11 by the disk equation.
The rank-one determinant identity gives DB(H) = β det b. Substituting α00 = βb11 and completing
the square gives

A : H − DB(H) = β |b01 + α01/β|2 + det(α)/β ≥ 0.

Green’s formula for A now bounds ∆zX0 by 1
2∆zX0 plus the outward wave flux. Consequently

Fpl ≥ 0, ∆zFpl ≤
∫

|Q|<1/10
δ(rW )(u/rW )G(rW )∗AG(rW ) dζ. (D.2)

Comparison on the product fiber. Write σ = s/h, gT = e−iT |D|f , and P∗ = JDs ∗ |gT |2 for D
sufficiently large. The multiplier proof of (5.5) applies throughout the product: y ≍ s there and
|W | = w0 on the W wall. It gives ∥A∥ ≲ s−2σmP∗, with the additional factor e−c0σ on that wall.
By (D.1) and (5.4),

LB(rWP∗) = 16|J |2P∗/w
2
0 + rWLBP∗ ≥ (c− CD−2)s−2P∗.

The two variables separate, so no mixed gradient term occurs. For fixed large C1,m1 this gives
LB(C1σ

m1rWP∗) > µ. The comparison function and u both vanish on the W wall. Comparison
on each fixed Q slice yields 0 ≤ u/rW ≤ C1σ

m1P∗ up to that wall. The original volume is
dP dZ = a2|J |−2 dW dQ, while

∫
δ(rW ) dW = πw2

0 and the full |G(rW )| ≲ s−1. Integrating the
energy and (D.2), using

∫
P 2

∗ dX ≤ ∥gT ∥4
4, gives

Fpl ≲ a2σm∥gT ∥4
4, ∆zFpl ≲ (a/s)2σme−c0σ∥gT ∥4

4.

For the lower bound use the centers |W | ≤ γ, |Q| ≤ 1/400 of Section 5. The inverse multiplier in
the proof of (5.11) bounds the wave density itself below by mX there, on the entire physical spatial
ball of radius h about each center; take d = 1 in that formula. For the distance l to its center,
Hfib(l2) = 6I, so LB(l2) = 24|e|2 ≤ C. For mX > 0, subtract ϵmX(l2 − h2) from u, with ϵ small.
The difference has strictly positive LB on the whole ball and is nonpositive on its boundary, so it
cannot have a positive interior maximum. This gives (−u)µ ≥ ϵh2m2

X at the center, also trivially
for mX = 0. Its integral gives

Fpl ≳γ a
2σ−me−Cγ2σ∥gT ∥4

4,

since the imaginary center region has volume comparable to a2s2γ2 and h2s2(hs)−2 = 1. Taking
γ small and then K large gives all three inequalities of Proposition 5.1 for Fpl. Lemma 6.1 and
Section 7 now give the planar O((log(2/h))1/2) estimate.

E Curved characteristic sheets of symmetric systems
In the proof of Theorem 1.2, the wave symbol supplies both a polarization for each plane wave and
a Gaussian centered at that polarization. A curved sheet of the largest eigenvalue of a symmetric
matrix pencil supplies the same two objects. We construct them on one angular patch and check
the two places where the phase enters the fiber estimate: Gaussian decay on the wall and recovery
of the wave near the center.
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Theorem E.1. Let C1, . . . , Cn be real symmetric n×n matrices, n ≥ 2, and put C(ξ) =
∑n
j=1 ξjCj

and ϕ(ξ) = λmax(C(ξ)). Suppose that on an open cone Γ ⊂ Rn \ {0} this eigenvalue is simple and
D2ϕ(ξ) is positive definite on ξ⊥. For every b ∈ C∞

c (Γ), 0 < h ≤ 1 and Schwartz function f on Rn,

∥e−iTϕ(D)b(hD)f∥Lpc (Rn×[1,2]) ≤ Cb[log(2/h)]2/pc∥f∥Lpc (Rn), pc = 2n
n− 1 . (E.1)

The constant may depend on the pencil. The same assertion holds for a simple smallest eigenvalue
with negative definite transverse Hessian.

Example E.2 (A cubic characteristic sheet). In three spatial dimensions take the pencil

C(x, y, z) =

z x y
x −z 0
y 0 −2z

 .
At (0, 0, 1) the top eigenvalue is 1, and its transverse Hessian is diag(1, 2/3) by (E.2) below. Thus
(E.1) gives an L3 bound on a neighborhood of this ray. The sheet is not a piece of a quadric. Indeed
its characteristic polynomial is

(t− z)(t+ z)(t+ 2z) − x2(t+ 2z) − y2(t+ z).

If this homogeneous cubic factored over C, it would have a linear divisor. Since it is monic in t, this
entails a root t = αx+ βy + δz. At z = 0 the polynomial is t(t2 − x2 − y2). Since x2 + y2 is not
the square of a linear form, α = β = 0; the coefficients of x2z and y2z would then require δ = −2
and δ = −1, respectively. Irreducibility rules out even a local quadratic equation for the sheet: the
resultant with that equation in t would vanish on an open set in (x, y, z), and hence identically.

E.1 Eigenvectors and the spatial fiber

Fix a unit direction ω ∈ Γ. Take the unit top eigenvector of C(ω) as the first state coordinate e0.
The other state coordinates form its orthogonal complement of dimension d = n− 1. The isolated
eigenprojection is smooth near ω by its resolvent formula [43, Chapter II]. Applying it to e0 and
normalizing the first component to one gives a real eigenvector E(ξ) = (1, v(ξ))t, homogeneous of
degree zero. Put S(ξ) = ϕ(ξ)I − C(ξ) and denote its lower d× d block by S⊥(ξ). On a sufficiently
small conic neighborhood,

S(ξ)E(ξ) = 0, c|ξ|I ≤ S⊥(ξ) ≤ C|ξ|I.

Here and below constants are uniform on each chosen compact angular chart.
Write Lw for the orthogonal projection of C(w)e0 on e⊥

0 . Differentiating the unit eigenvector
equation along ω + σw shows that the derivative of the eigenvector at σ = 0 is S⊥(ω)−1Lw in e⊥

0 ;
differentiating the eigenvalue derivative ϕ′

w = etC(w)e therefore gives

D2ϕ(ω)[w,w] = 2(Lw)tS⊥(ω)−1Lw. (E.2)

Consequently L : ω⊥ → e⊥
0 is an isomorphism. So is Dv(ω) = S⊥(ω)−1L on ω⊥: the polarization v

is a local angular coordinate. This is where the equality of the state and spatial dimensions is used.
For W ∈ Cdk near zero, let e(W ) = (1,W )t and set

Bj(W ) = e(W )tCje(W )
1 +W ·W

.
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The products here are bilinear. On real eigenvectors this map is the group velocity: B(v(ξ)) = ∇ϕ(ξ).
Its differential at zero is 2Lt, with image ω⊥. Thus for a fixed small w0 > 0 the projection of B onto
ω⊥ is a holomorphic coordinate map on a neighborhood of |W | ≤ w0, and the matrices [dB(W ), ω]
and their inverses are bounded there.

We use one further complex coordinate Φ in the normal direction ω. For the imaginary time τ
and spatial coordinates P ∈ Cnk define the fiber chart by

P = τB(W ) + Φω, R2 = 2τ
1 +W ·W

, y = |R|2 ≍ s = |τ |. (E.3)

Inverting the projection of P/τ onto ω⊥ recovers W ; Φ then follows from the component along ω.
At a real polarization W = v(ξ) the Rayleigh quotient ξ ·B(W ) is stationary. Since ξ ·B(W ) = ϕ(ξ)
there, differentiating (E.3) gives the characteristic conormal

dΦ = ξ · dP − ϕ(ξ) dτ
ξ · ω

(W = v(ξ)).

Let a = Kh, Q = Φ/a, and take the spatial fiber over (T, τ) to be the torus of Section 4 in the
real variables, times

r = |W |2/w2
0 + 100|Q|2 − 1 < 0

in the imaginary variables. For a < s < 4, differentiation of (E.3) gives

|dW | ≲ s−1, |dΦ| ≲ 1, dP ≍ a2s2d dW dQ. (E.4)

The derivative bounds include the time variables: solve dP − B dτ = τ dB dW + ω dΦ. At fixed
τ the complex Jacobian matrix in (W,Q) is [τ dB, aω], which also proves the volume formula. In
particular ∂ωΦ = 1 in the spatial variables. If F = (W/w0, 10Q), Lemma 3.1 gives H(r) = 4(dF )∗dF .
Its spatial block is ≳ s−2I and has determinant ≍ a−2s−2d. Since |F | ≤ 1, it also satisfies
Gfib(r)Gfib(r)∗ ≤ Hfib(r). The full Hessian has rank n. Its quaternionic null line belongs to
ker dΦ ∩ G(r)⊥, since dΦ is a multiple of the last row of dF and G(r) = 2(dF )∗F i. The spatial
Hessian of |Φ|2 has rank one, with nonzero eigenvalue comparable to one. These are the geometric
and boundary properties needed for the determinant energy.

E.2 The current and its Gaussian multiplier

Take a finite periodic Fourier sum gT = e−iTϕ(D)f in the annulus |ξ| ≍ h−1 in the chosen chart,
with |v(ξ)| ≤ γ, where γ < w0/10 is fixed below. Write its individual terms as uξ. The entire vector
wave

∑
ξ |ξ|d/2E(ξ)uξ solves the symmetric system with matrices C0 = I, Cj = Cj . To apply the

flux construction of Section 2, write its paired auxiliary states as w = w1 + kw2 = Re(W ). The
holomorphic flux map is

Θ(w,Φ) =
(

1
2w

tCµw
)n
µ=0

+ (0, ω)Φ.

Its output is exactly (τ, P ) in (E.3). Writing Mµa = (Cµw)a, its real Jacobian is J =
| det[M, (0, ω)]|2 = |R|2nj(W ) with j(W ) ≍ 1: each of the first n columns has a factor R,
and the remaining matrix is invertible by (E.3).

Let Gsys be the conjugate of the vector wave evaluated at (T,X) − iqR, where qµR = w∗Cµw/2.
Pushing the tensor of Lemma 2.1 forward as a density by (2.7), the general row formula (2.8) gives

χµ = J−1/2∑
a

Mµai(Gsys)a, A0 = χχ∗. (E.5)
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The change of variables preserves column divergence: its Hessian term pairs the two equal diagonal
state blocks with (∂w1aw1b

+ ∂w2aw2b
)Θµ = 0, and the mixed state block vanishes. Since Φ is the

passive coordinate, dΦM = 0 and hence dΦχ = 0. The choice of root R affects only the sign of χ,
so A0 is single valued.

The attenuation of each plane wave is determined by S(ξ)E(ξ) = 0:

exp(−w∗S(ξ)w/2) = e−Ψ, Ψ = y

2h(W − v(η))∗S⊥(η)(W − v(η)), η = hξ. (E.6)

For each row norm at fixed imaginary coordinates we may remove the common left unit R/|R| in
(E.5). The remaining volume factor is |R|/

√
J = j(W )−1/2y−d/2. With respect to the orthogonal

planes Ci and kCi, each row is then a pair of scalar multipliers on gT , up to conjugation and
multiplication by i. Their real symbols are the two components in Ck of

j(W )−1/2e(W )tCµE(η) |η|d/2(hy)−d/2e−Ψ. (E.7)

For the time row the coefficient is j(W )−1/2(1 +W · v(η)), whose real part is bounded below. Thus
A0
TT ≥ |S0gT |2, where S0 is the multiplier with symbol the real part of (E.7) for µ = 0. It can be

inverted on the cap.

E.3 The fixed cap estimate

Normalize ∥f∥2 = 1. Write σ = s/h, p = pc, q = p/2 = n/d. With the kernels Jℓ and cutoff g(Q) of
(4.5) put

Aw = g(Q)(Jh ∗X A0), A = Aw + h50nC(H(r)), µ = ATT , B0 = λ|Φ|2, λ = h−30n.

Since Φ is independent of X, the averaged current still annihilates G(g(Q)), so the cutoff preserves
conservation. The positive semidefinite cofactor is conserved, takes values in kerH(r) ⊂ ker dΦ, and
has TT entry detHfib(r) > 0. Thus A : H(B0) = 0 and µ > 0. The spatial background Hfib(B0)
has a single nonzero eigenvalue ≍ λ. Theorem A.1 gives the solution u ≤ 0 of (4.8), smooth in
(T, τ). The null line of H(r) lies in G(r)⊥ ∩ kerH(B0), so both normal cofactor terms vanish as in
Proposition 4.2. That balance and Lemma 4.3 give, for the energy F = Jz(u) of (4.11),

F ≍
∫
r<0

(−u)µ dX dP, ∆T,τF ≤
∫

(u/r)G(r)∗AwG(r) δ(r) dX dP. (E.8)

We check the two Gaussian estimates used in the proof of Proposition 5.1, throughout 2a ≤ s ≤ 3.
First multiply each row symbol (E.7) by a smooth cutoff equal to one on the data, supported in
a fixed enlarged annulus and in |v| < w0/3 inside the chart. Since |∂αη Ψ| ≲α σ, the derivatives
of these symbols through order 2n + 4 are bounded by C(hs)−d/2σm for some m. On the active
wall r = 0, g(Q) ̸= 0, we have |W | ≥

√
3w0/2. The lower bound S⊥(η) ≥ cI gives the additional

factor e−c0σ with c0 > 0 independent of γ. The kernel estimate leading to (5.5) now gives, for
P∗ = (JDs ∗ |gT |2)1/d and fixed large D,

µ ≲ s−2dσmP d∗ (r ≤ 0), ∥Aw∥ ≲ s−2dσme−c0σP d∗ (r = 0). (E.9)

The cofactor adds O(h50na−2s−2d) to µ; the nearest lattice translate gives P d∗ ≳ hn+4 since ∥gT ∥2 = 1.
For the inverse estimate take a center with |W | ≤ γ, |Q| ≤ 1/400. By (E.4), its spatial ball of

radius h lies in |W | ≤ 2γ, |Q| ≤ 1/100, where g = 1, for K large relative to 1/γ. At each imaginary
point of this ball invert S0 using a smooth cutoff equal to one on the data, supported in the same
enlarged annulus and in |v| ≤ 2γ. On its support Ψ ≤ C1γ

2σ, so the reciprocal with cutoff has
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derivatives through order 2n+ 4 bounded by Cγ(hs)d/2σmeC1γ2σ with C1 independent of γ. Kernel
domination by Jh and A0

TT ≥ |S0gT |2 give, as in (5.11),

µ ≥ mX = cγ(hs)−dσ−me−2C1γ2σ|gT (X)|2

on the whole ball: moving the real coordinate by at most h changes Jh only by a bounded factor.
The two comparison functions of Section 5 now apply. By (5.7), Hfib(rP∗) ≥ P∗Hfib(r)/2. Since

Hfib(r) ≳ s−2I and the background has rank one, comparison with Cσm′
rP∗ gives 0 ≤ u/r ≲ σm

′
P∗

by (E.9). On the ball the quadratic function ϵm
1/d
X (ℓ2 − h2), where ℓ is distance from the center,

gives (−u)µ ≳ h2mq
X at the center. This comparison uses m1/d

X ≤ λ: the O(h−n) Fourier coefficients
sum in modulus to O(h−n/2) by Parseval, and (E.7) is O(h−d). Together with the cofactor bound
this gives µ1/d ≤ λ for small h.

Tangency removes G(|Q|2) from the flux; the remaining part of G(r) is O(s−1) by (E.4). The
same Jacobian estimate gives imaginary volume O(a2s2d) for both the fiber and its wall with weight
δ(r), and volume ≍γ a

2s2d for the centers. Using
∫
P d+1

∗ dX ≤ ∥gT ∥pp and h2s2d(hs)−dq = σn−2 in
(E.8), we get

cγa
2σ−me−2qC1γ2σ∥gT ∥pp ≤ F ≤ Ca2σm∥gT ∥pp, (E.10)

∆T,τF ≤ Ca2s−2σme−c0σ∥gT ∥pp. (E.11)

Choose γ so that 2qC1γ
2 < c0/2, then fix K. Division gives ∆F ≤ Cs−2e−cs/hF . At T = 0 the

upper bound on s = 4a uses g0 = f ; on 1 ≤ T ≤ 2 the lower bound on s = 2a controls ∥gT ∥pp. The
values of σ on these circles are fixed. As in the proof of Proposition 6.3, Lemma 6.1 with b = 2a
and r = 4a gives ∫ 2

1
∥gT ∥pp dT ≲ [log(2/h)]2∥f∥pp.

Homogeneity removes the normalization.
Finitely many such caps cover the directions in supp b; their smooth annular cutoffs have

uniformly integrable kernels. To remove the period, choose M ≥ 1 larger than supsupp b |∇ϕ| and
apply the torus estimate on the same lattice to C/M and bM (η) = b(η/M). By homogeneity
|∇(ϕ/M)| ≤ 1 on supp bM . For |X| ≥ 3 the kernel phase has gradient X − (T/M)∇ϕ(η) of size
≳ |X|, which gives the decay (7.2). The cube argument of Section 7 gives the Euclidean estimate
for (C/M, bM ). For fM (X) = f(MX) one has

e−iTϕ(D)/MbM (hD)fM (X) =
(
e−iTϕ(D)b(hD)f

)
(MX).

Both norms gain the same factor M−n/p, proving (E.1) for small h. Smooth multiplier estimates
cover the remaining compact range. Applying the result to −C with cutoff b̄ and conjugating with
f(X) 7→ f(−X) gives the smallest-eigenvalue assertion.

E.4 A lower bound on a single patch

For every nonzero b in Theorem E.1, the logarithmic power in (E.1) must be at least 1/pc. Here is
the local version of the focusing test in Proposition 8.1. Rotate a neighborhood where b ≠ 0 into the
coordinates η = ρ(α, 1), ρ > 0, and write ϕ(η) = ρφ(α). The matrix D2φ is positive definite there,
since the Hessian of ϕ has only the radial kernel. Take h = N−1 and f̂N (ξ) = e(3/2)iϕ(ξ)(ψ/b)(ξ/N),
where ψ is a nonnegative smooth bump supported in this neighborhood and strictly positive on
a smaller closed product patch. At the initial time, stationary phase in α gives ∥fN∥∞ ≲ Nn−d/2

uniformly in X, and Plancherel gives ∥fN∥2 ≲ Nn/2. Thus ∥fN∥p ≲ N (n+1)/2−1/p for p ≥ 2.
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At time 3/2 + δ, set X ′ = δ∇φ(α) and Xn = δ(φ(α) − α · ∇φ(α)) + z/N . For α in the smaller
patch and |z| ≤ c, this set has volume ≍ δd/N . Its angular stationary point is α. For Nδ large,
stationary phase now gives output of modulus at least cNn−d/2δ−d/2: up to a nonzero smooth factor
and constant phase the leading radial integral is

∫
eiρzρd/2ψ(ρ(α, 1)) dρ, uniformly nonzero for small

c. The angular remainder is smaller by O((Nδ)−1) [74, Chapter VIII]. The pth power of the ratio
of the output and input norms thus dominates

∫ 1/4
C/N δ

d−dp/2 dδ. For p = pc this is comparable to
logN .
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